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ABSTRACT 

Because t h e  Earth is not a r i g i d  homogeneous sphere, t h e  path of a near- 
I f  accurate measure- Earth sa tel l i te  w i l l  dev ia te  f r o m  a pe r fec t  e l l i p s e .  

ments of satell i te o r b i t s  are ava i lab le ,  one can hopefully deduce parameters 
from t h e  observed o r b i t a l  motions which model geophysical f ea tu re s .  This 
d i s s e r t a t i o n  gives t h e  r e s u l t s  and techniques t o  estimate one nonstation- 
a ry  v a r i a t i o n  i n  t h e  Earth 's  g rav i ty  field--the p r inc ipa l  l una r  semi-diurnal 
(M2) ocean t i d e .  

Since t h e  ocean t i d e s  cause per iodic  per turba t ions  w i t h  periods g r e a t e r  
than a week i n  the  evolution of the  Keplerian elements of a satell i te,  
t h e  mean Keplerian elements (osculating Keplerian elements less a l l  s h o r t  
period o s c i l l a t i o n s )  are studied. . T o  da t e ,  no inves t iga to r  has produced 
mean Keplerian elements accurate enough t o  observe the  small v a r i a t i o n s  
caused by t h e  Mg ocean t i d e s .  
transformations have been applied which account f o r  l a rge  f i r s t - o r d e r  
e f f e c t s .  
t h e  a i d  of an i d e a l  low-pass f i l t e r .  
of the so lu t ion ,  however. Accurate o r b i t s  s i g n i f i c a n t l y  affected by ocean 
t i d e s  must be ava i lab le .  Fortunately, two such satell i te o r b i t s  were 
obtained--1967-92A, a U. S. Navy satell i te,  and the  NASA satel l i te ,  GEOS-3. 

To so lve  t h i s  problem, approximate a n a l y t i c a l  

Elimination of very high frequency e f f e c t s  is accomplished with 
Precise trar)sformations are only p a r t  

Two terms i n  the  harmonic expansion of t h e  M2 global t i d e  he ight  can be 
observed. Estimates o f . t h e s e  coe f f i c i en t s  have been.obtained. These 
estimates are somewhat smaller than recent published values obtained from 
numerical so lu t ions  of Laplace t i d a l  equations. 

Application of t he  satel l i te  derived M2 ocean t i d e  c o e f f i c i e n t s  t o  t h e  
problem of the  dece lera t ion  of the  lunar man longitude y i e l s  an estimate 
of -27.4 arc seconds/century2 which i s  i n  c lose  agreement with recent  
analyses of ancient e c l i p s e s  and modern t r a n s i t  data. Because t h e  e n t i r e  
t i d a l  dece lera t ion  of t he  lunar  mean 'longitude can be accounted f o r  by t h e  
ocean t i d e  model obtained i n  t h i s  study, it can be infer red  t h a t  t h e  s o l i d  
t i d e  phase l a g  must be less than lo. 

Knowledge of these  important q u a n t i t i e s  i n  geophysics and space science,  
as w e l l  as the  method Ceveloped t o  e x t r a c t  t h i s  information from satel l i te  
o r b i t s ,  are considered important cont r ibu t ions  of t h i s  study. 
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1. INTRODUCTION 

The last  twenty years of space exploration since the launch of Sputnik 

I i n  1957 has revolutionized the science of geophysics. 

f i r s t  transmitted satell i te data,  it was possible t o  determine precisely 

the  Earth 's  oblateness f o r  the f i r s t  time. 

of long wavelength fea tures  of t he  geopotential  have been continuous. 

Today, geopotential  spherical  harmonic coef f ic ien ts  t o  degree and order 

(30, 30) are being estimated or improved. Atmospheric density studies 

With the  very 

Improvements i n  t h e  knowledge 

obtained from satell i te o r b i t  analysis  have also resu l ted  i n  major improve- 

ments i n  man's knowledge of the s t ruc tu re  of the atmosphere. By t h e  l a te  

1960's o r b i t s  of geodetic and navigation s a t e l l i t e s  were being analyzed 

a t  the meter l e v e l  for such geodetic phenomena as polar motion and non- 

stationary variations i n  the  E a r t h ' s  gravi ty  field. This d i s se r t a t ion  

gives the r e s u l t s  and techniques used t o  estimate one such nonstationary 

var ia t ion  i n  the Earth's gravi ty  field-ocean t i d e s  from s a t e l l i t e  o r b i t  

perturbations.  

,-If the  Earth were a rigid.homogeneous sphere, sa te l l i te  o r b i t s  due t o  

t h i s  cen t r a l  force  f ie ld ,would be  per fec t  e l l i p ses .  However, the ac tua l  

d i s t r ibu t ion  of the  Earth's mass is nonhomogeneous which gives rise to  a 

ro ta t ing  noncentral force f i e l d .  Since the Earth is not a r i g i d  body, 

t i d a l  motion of t h e  oceans and the deformation of the  Earth 's  core and 

mantle c rea t e  fur ther  complications. 

t iona l  a t t r a c t i o n  of the other  c e l e s t i a l  bodies a f f e c t  the  satel l i te  

o r b i t s  and cause t h e i r  paths t o  deviate  from e l l i p ses .  

These phenomena plus  the gravita- 

I f  accurate measurements of s a t e l l i t e  o rb i t s  are ava i lab le ,  one may hope 

to  deduce these geophysical fea tures  from the observed o r b i t a l  motions. 



The problem invest igated i n  t h i s  study is the  deduction of the following 

information from the obseriration of the o r b i t s  of 1967-928 and GEOS-3: 

1. The M2 t i d a l  parameters which describe the semi-diurnal motion of 

t he  global  ocean t i de .  

The rate of slowing down of the  o r b i t a l  motion of the  Moon through 2. 

the  centur ies  because of resonance between t h e  lunar  motion and 

the  motion of the  M2 ocean t i de .  

R. R. Newton (1965, 1968) and Kozai (1968) independently attempted 

solut ions from satel l i te  ephemeris. data  f o r  the  parameters* which des- 

c r ibe  the so l id  Earth defo-tions due t o  the  a t t r a c t i o n  of the  Sun 

and Moon. 

perturb the o r b i t s  per iodica l ly  with periods g rea t e r  than a week, the  

Since these nonstationary disturbanc'es of t he  Earth's po ten t i a l  

slowly varying fea tures  of satell i te motion must be analyzed t o  r e c w e r  

them. Newton pioneered a purely numerical technique f o r  i so l a t ion  of the  

long-periodic effects of t h e  Love numbers, w h i l e  Kozai used t r a d i t i o n a l  

ana ly t ic  methods. Newton obtained a precis ion of 0.5 t o  1.0 a r c  second 

i n  t h e  i nc l ina t ions  of his precessing Kepler e l l i p s e s .  He rejected the 

poss ib i l i t y  of ocean t i des  corrupting h i s  r e s u l t s  s ince  he considered 

tha t  i t  '*contributed l i t t l e  t o  t h e  t o t a l  potent ia l . .  .The ocean t i d e s  

are rather random in phase and almost cancel when averaged over the 

e n t i r e  Earth a t  any pa r t i cu la r  instant. '* Kaula (1969) t r i e d  t o  explain 

the la rge  differences i n  Newton's r e s u l t s  by a l a t i t u d e  dependence of 

t he  so l id  Earth t i d e  e f f ec t .  Douglas e t  a l .  (1972, 1974) convincingly 

showed an apparent l a t i t u d e  dependence by obtaining second degree Love 

~~ 

* Love numbers named a f t e r  A. E. H. Love. 
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numbers f o r  GEOS-1 and GEOS-2 of 0.22 and 0.31,respectively. Lambeck 

et a l .  (l974) c l a r i f i e d  t h i s  e n t i r e  subject  when they showed t h a t  the  

effects of the ocean t i d e s  were not a t  a l l  random but were systematical ly  

similar t o  the e f f e c t s  of the  so l id  t ide .  The ocean t i d e s  are functions 

of longitude and l a t i t u d e  and they were responsible  f o r  a l a rge  portion 

of the  d i f fe rence  between the GEOS-1 and GEOS-2 r e su l t s .  

Douglas e t  al .  (1972, 1974) obtained improved mean elements by f i r s t  

removing la rge  per turbat ions i n  the elements due to  low degree and order 

terms of the geopotential  before averaging. Since these parameters 

reveal themselves as per iodic  va r i a t ions  i n  the  elements, t h e i r  removal 

p ro tec t s  one against  leaving behind res idua l  e f f e c t s  due t o  averaging 

over only a f r ac t ion  of a period. The cr i t ical  parameter which s c i e n t i s t s  

have t r i e d  t o  recover is the  l ag  i n  the  response of deformation of t h e  

Earth to  the a t t r a c t i o n  of the Sun and Moon. This l ag  is a very impor- 

tant measure of the a n e l a s t i c i t y  of the Earth 's  core and mantle (Kaula, 

1968). Because of t he  neglect of ocean t i d e  e f f ec t s ,  progress has been 

l imited in the estimation of the  so l id  t i d e  phase l a g  of t h e  Earth from 

satel l i te  o r b i t  analyses. Values ranging from 0' t o  5' have been suggested 

f o r  the  phase l ag  from tiltmeter observations and satell i te o r b i t  analyses. 

Results of seismological da ta  which y ie ld  information about rates of decay 

of free o s c i l l a t i o n s  of the  Earth a t  periods of about 1 hour lead one to  

bel ieve tha t  the .  l ag  should be between 0' and 1'. 

Differencing common points  of o r b i t s  determined from successive two-day 

data spans have shown t h a t  conventional o r b i t  determination r e s u l t s  are 

now accurate t o  a few meters (1 meter e0.03 arc second) along t h e  direc- 

t i on  of motion (along-track). I f  t h e  along-track posi t ions are known to  

t h i s  accuracy, then the  semi-major axes should be known t o  the  centimeter 
3 



level. Eowwer, no one has yet  demonstrated centimeter accuracies i n  t h e i r  

mean elements. This i n a b i l i t y  t o  produce mean elements that have the  same 

accuracy as osculat ing elements was the  i n i t i a l  impetus f o r  t h i s  endeavor. 

It w a s  believed t h a t  if mean o r b i t a l  elements could be obtained with a 

precision of 0.01 arc second i n  the inc l ina t ion  o r  node (normally out-of- 

plane. components are known b e t t e r  than the  along-track components) then 

it would be possible  t o  solve for.  meaningful ocean t i d e  parameters. This 

is advantageous s ince  no modeling of t he  dynamics of the  oceans would be 

required. Lambeck e t  al .  (1974) attempted a solut ion of the  ocean t i d e  

parameters a f f ec t ing  satell i te o r b i t s ,  but concluded t h a t  t h e i r  r e s u l t s  

were "not significant" because of the  inadequate precis ion of the  o r b i t a l  

data. 

Precise transformations are only p a r t  of the solut ion,  however. 

r a t e  o r b i t s  s ign i f i can t ly  affected by ocean t i d e s  must be avai lable .  

Fortunately, two such satel l i te  o r b i t s  were obtained - 1967-92A, a U. S. 

Accu- 

Navy Navigation S a t e l l i t e ;  and the NASA satell i te,  GEOS-3. Improved 

transformations have been developed and the 1967-92A and GEOS-3 o r b i t a l  

data have been analyzed. 

can 'be obtained from satel l i te  o r b i t  per turbat ions,  they have an extremely 

Even though only a few ocean t i d e  parameters 

important appl icat ion t o  the t i d a l  acce le ra t ion  of t h e  Moon. 

In  1975 Lambeck applied the  ocean t i d e  theory developed i n  1974 t o  the 

problem of t h e  o r b i t a l  evolution of the Moon. Using the  r e s u l t s  of 

numerical solut ions t o  Laplace t i d a l  equations., Lambeck obtained a 

value of -35 arc seconds/century f o r  the lunar  
2 (accelerat ion of lunar  

mean longitude) which seemed to  agree w e l l  with observations of ancient 

eclipses. Based on these r e su l t s ,  Lambeck argued tha t  s ince  the  predicted 

4 



Value of t of the Moon from ocean t i des  matched the  observed value of i, 
then the e f f e c t  of the s o l i d  t i d e  w a s  small. This supports the argument 

that the s o l i d  t ide 'phase  l ag  Meolid is proportional t o  l a g  angle) must 

be c lose  t o  zero. A subsequent analysis  of ancient  ec l ipse  data (Muller 

1974) and ana lys i s  of t r a n s i t s  of Xercury (Morrison and Ward 1975) has 

shown the proper value of f 

Not only are the  ocean t i d e  r e s u l t s  obtained i n  t h i s  study i n  reasonable 

agreement with numerical solut ions of Laplace 

2 t o  be -26 t o  -28 arc seconds/century moon 

t i d a l  equations, but they 

a l so  y ie ld  a value of firnoon, due t o  'ocean t i des ,  of -27.4 a r c  seconds/ 

' century2 - a value i n  c lose  agreement with the recent r e s u l t s  of Muller, 

and Morrison and Ward. This r e s u l t  is a lso  supported by Kuo (1977) who 

estimates the so l id  t i d e  phase lag  t o  be less than 1.0' based on da ta  

from'a network of gravimeters placed along a parallel of latitude across 

the  United States. 

causes the  

A var i a t ion  of 0.5' i n  the s o l i d  t i d e  phase l ag  

r e s u l t s  t o  change by no more than 1 arc secondlcentury . 2 

Knowledge of these important quant i t ies  i n  geophysics and space science,  

as w e l l  as the method developed t o  extract t h i s  information from s a t e l l i t e  

orb i t s ,  a r e  considered important contr ibut ions of t h i s  study. 

Chapter 2 reviews the equations derived by Kaula (1966) t o  eliminate the 

major perturbations due to  the geopotential  f i e l d ,  and discusses some of 

t h e i r  physical in te rpre ta t ions .  

before the averaging process is  'introduced, and severa l  examples of i d e a l  

The advantage of using low-pass f i l t e r i n g  

and actual mean element r e s u l t s  are given. 

The o r ig in  and representation of ocean t i d a l  phenomena are discussed in 

d e t a i l  i n  Chapter 3. The h i s t o r i c  work of Doodson (1921) w i l l  be empha- 

sized as w e l l  as the r e c e n t . e f f o r t s  of Hendershott and Munk (19701, Lambeck 

5 



et al. (19742. The appropriate po ten t i a l  funct ion in terms of Keplerian 

elements f o r  ocean t i d e  a t t r a c t i o n s  is given and its long period charac- 

teristics are discussed. 

The so l id  t i d e  a t t r a c t i o n  is discussed in Chapter 4, and its corres- 

Expressions of th i s .  po ten t i a l  function in ponding po ten t i a l  is given. 

. terms of the  e c l i p t i c  Keplerian elements of the  dis turbing body (as  

opposed t o  Earth equator ia l  el,ements), which are derived in appendix I, 

are stated. 

satell i te perturbations are shown. 

'r 

The frequency equivalence between ocean t i d e  and so l id  t i d e  

Chapter 5 discusses t h e  da ta  processing of the  inc l ina t ion  and nodal 

per turbat ions of the two satellites 1967-92A and GEOS-3. 

made between observed o r b i t  var ia t ions  and predict ions from numerical 

t i d e  models, showing observational equations derived from each sequence 

of orbital elements. 

least-squares algorithm t o  y ie ld  estimates of the  ocean t i d e  parameters. 

These estimates, obtained e n t i r e l y  from satel l i te  o r b i t  per turbat ions,  

are then compared with current  numerical so lu t ions .of  Laplaces 

equations. 

Comparisons are 

These observations are then reduced with a standard 

t i d a l .  

The ocean t i d e  r e s u l t s  are applied t o  the  lunar  o r b i t  evolution problem 

Comparisons are made between s a t e l l i t e  ocean t i d e  predic- in Chapter 6. 

t ions  of t h e  lunar I; and the observations of from ancient ec l ip se  and 

Mercury t r a n s i t  data. 
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2. GENERATION AND UTILIZATION OF MEAN KEPLERIAN ELEMENTS 

2.1 Osculating Keplerian Elements 

In order t o  observe the behavior of a h is tory  of a perturbed satell i te 

ephemeris and compare t h i s  ephemeris with the  theore t ica l  h i s to ry  of an 

unperturbed one, an appropriate po ten t i a l  function must f i r s t  be con- 

s t ruc ted  and d i f f e r e n t i a l  equations be drawn up i n  terms of s u i t a b l e  

coordinates. 

near-Earth satellite from the theo re t i ca l  path of two-body motion is the  

nonspherical geopotential  f i e l d  of the  Earth. 

o r b i t a l  va r i a t ions  of a few meters due t o  phenomena, such as tides, one 

must f i r s t  remove the  e f f e c t s  of the  geopotential  which range i n  magni- 

tude up t o  tens  of kilometers. In addi t ion,  the a t t r a c t i o n s  of other  

dis turbing celestial bodies must a l s o  be modeled, since t h e i r  e f f e c t s  

a lso can be many times larger  than those geophysical parameters w h i c h ,  

hopefully, W i l l  be recovered. One pa r t i cu la r  choice of coordinates which 

is w e l l  su i ted  f o r  such invest igat ions is the  set of osculat ing Keplerian 

elements. 

taneously def ine the Kepler e l l i p s e  obtained from t h e  satellite's 

posi t ion and veloci ty .  Since the po ten t i a l  f i e l d  is noncentral, t hese  

elements w i l l  continuously change. 

s l i g h t l y  from a cen t r a l  force f i e l d  and, therefore,  the osculat ing 

e l l i p s e  w i l l  r e t a i n  most of the a t t r i b u t e s  of the Kepler e l l i p s e s .  

use of the  Keplerian elements is 

By f a r  the major cause of the  deviation of motion of a 

To be ab le  t o  observe 

Osculating Keplerian elements are coordinates t h a t  instan-.  

The Earth's a t t r a c t i o n  deviates  only 

Also, 

very benef ic ia l  because of the  s t a b l e  

behavior of the' out-of-plane elements ( inc l ina t ion  and r i g h t  ascension of 

the ascending node). Errors i n  energy (semi-major ax is )  w i l l  only a f f e c t  

t h e  motion along t h e  d i rec t ion  of motion (along-track). The symbols used 
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fo r  these osculating elements throughout t h i s  report  are as follows: 

a - semimajor axis 

e - eccent r ic i ty  

i - inc l ina t ion  

$2 - r i g h t  ascension of ascending node 

w - argument of perigee 

M - mean anomaly 

It will be seen t ha t  such forms of the poten t ia l  would be r a the r  

expensive t o  use in i n t eg ra t ing . the  o r b i t  numerically on a computer, but 

they are very useful  t o  use when analyzing the major amplitudes and 

frequencies which perturb the  motion. 

order d i f f e r e n t i a l  ,equations in terms of i n e r t i a l  Cartesian elements 

The standard set of three second- 

defining the motion can be transformed i n t o  a set of six f i r s t -o rde r  

d i f f e r e n t i a l  equations i n  terms of these new var iab les  which is usually 

referred t o  as Lagrange planetary equations. The derivation can .be found 

in many standard textbooks on celestial mechanics, such as 'Brown and 

Shook (1933) and Brouwer and Clemence (1961), and the r e s u l t s  of t h i s  

transformation are given here. 

the d i f f e r e n t i a l  equations of motion can be obtained from a scalar, 

normally ca l led  t h e  potent ia l .  

. 

For motion in a consenrat ive.force f i e l d ,  

L e t  the poten t ia l  funct ion U be given as 

U = E + R  

where 2 L  is the  t o t a l  energy .due t o  two-body a t t r a c t i o n  of the Earth and 

R represents a l l  other  e f f ec t s ,  such as geopotential and third-body 
2a 

a t t r ac t ions .  Then the set of s i x  f i r s t -order  equations is given by 
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da 2 
dt Na aM 
- a -  

de 1-e2 aR (1-e2)* ‘3R - aw. -- dt =’E aM Na e 

aR - 3R 1 -- di cos i 
d t  Na2(1-e2)%sin’ i Na2(l-e2)kn i 
-3 

do - cos i a~ (1-e2)+ 
. dt NaL (l-eL)fisin i ai NaLe ae 

- +  -a 

(2.2) 

2 - 3 N - T  dM l-e - - -  aR 2 
dt Na e ae Na aa 

where N = m, 

p is the gravitational constant G times mass of Earth. 

contributions must be included In (2.2) in terms of force components. 

Nonconservative 

2.2  Keplerian Potential Function for Geopotentid 

Kaula (’-1961, 1966) has transformed the various potential func- 

tions into very useful forms as harmonic expansions in terms of the 

fundamental frequencies of the motion i, i, i. 
degree 2 and order m terms of the potential. Then 

Let Vllm stand for ‘the 

(2.3) 
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where 

I l l n  odd 

ae is semi-major axis of the Earth, 

8 is Green-ch sidereal angle 

are the standard coslnusoidal and sinusoidal coeffi- ‘am and ‘am 
cients when the potential is expressed in terms of spherical 

coordinates(1atitude and longitude). 

From (2.3) it is seen that summations over four subscripts must be 

performed to evaluate the total potential. It is for this reason that 

the potential function expressed as in (2.3) is not normally used when 

operationally integrating satellite ephemerides. For example, modeling 

to.first order a typical geodetic satellite ephemeris to the sub-meter 

level could require more than 500.Rmpq.sets. 

The Inclination functions F (i) and eccentricity functions CI (e) i m p  1Pq. 
are polynomials. 

the eccentricity polynomials are not. 

The inclination polynomials are of finite degree, but 

However, for small values of e 

(less than 0.2) the eccentricity polynomials do converge rapidly. A 

useful property to remember is that the leading term of G (e) is pro- 
RPq 

, portional to e Iql, where e is eccentricity. Therefore, the summation 

\q 1 depending on over q is usually restricted to only small values of 
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the precision required. 

2.3 Secular, Resonant, m-Daily, and Long Period Contributions 

Notice the convenience of form (2.3). After subs t i t u t ing  (2.3) i n to  

(2.2), i t  is easy t o  see how the element perturbations are driven by a 

linear combination of the three fundamental frequencies 15, M, i-im For 
dQ 
d t  

example, - is given b y ,  

Il-m even 

cos y + 
a-m odd 

R-m even 

s i n  y 

Il-m odd 

Y = ,(n;-2p)u .+ (R-2p+q)M + m(n-e) 

If 1-2p = Il-2~- = m = 0, t he  angular argument is i den t i ca l ly  zero; and 

such Ilmpq combinations would give secular  terms ( h  = cons t ) .  
gmpq 

If 1 - 2 ~ -  = 0 and m #O,then the der iva t ive  would go through m cycles i n  

a day. 

m = 0, then both the mean anomaly rate and the ro ta t ion  rate of the Earth 

are not present . .  Thus, the only angular element which is present is  the 

argument of perigee which is very slowly changing. 

only w is ca l led  a long period term. 

motion and the ro ta t ion  of the Earth beat against  one another. 

Such an Ilmpq combination is ca l l ed  an m-daily term. If g-Zp+q = 

Any term containing 

Resonance occurs when t h e  o r b i t a l  

This 

happens when 

2-2P+q # 0 (2-2P+q) !i +(1-2p)3 15 m ( i - i )  

11 



is sa t i s f i ed .  

can become qui te  long. 

As the  equal i ty  becomes more exact, the  resonance period 

2.4 Analytical Approximations and Mean Keplerian Elements 

As w i l l  be shown i n  Chapter 3, perturbations due t o  cer ta in  phenomena, 

such as t i des ,  can only be detected when long period e f f e c t s  a r e  studied. 

This is accomplished by converting from osculating Keplerian elements to 

a set of elements with as many of the  short  period e f f ec t s  removed as 

possible. 

can be expressed a s  the sum of long and short  per iodic  contributions 

That is, the  h is tory  of any osculating element 'ai(t)  (131,2.. ,6) 

a i ( t )  = . a i ( t )  + Aai(t) 

, 
w h e r e  a (t) fs the sum 

butions, Aa.(t) represents t he  high frequency osc i l l a t ions .  

cal led mean Keplerian elements, 

of the low frequency, .constant,  and secular contr i -  
- I 

The ai are 
1 

The first s tep  i n  the process of convert- 

ing from osculating to  mean var iables  is to  remove a l l  terms that  have M 

and 8 as angular arguments, which is equivalent t o  removal of short  period 

t ems. 

First-order approximations to  the per turbat ions.are  found by assuming 

This results  i n  an equation of the form 
9 .  

that a,e,i,M,w.,fi are constant. 

d t )  = K~ s i n  (a,+it) + K, cos (ao+&) 

where K1, Kp, ao,  

The above can be integrated t o  give 

a r e  constants. 

x ( t )  ==IC 1 COS (ao&t) + K2 sin (a,&t). 
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When. I s  small, as I s  the case o f  resonance, then the perturbations 

can become very large. Excluding this case, substitutions of V into 

Lagrange planetary equations and integrating as above yields the perturba- 

tion equations as given by Kaula (1966): 

amps 

E Fimp GQpq [(bZp)cos i - mlSam 

Q+3 Ai tmpq Na (l-e2)' s i n  i E, ' 

= we 

where N =,/z 6 = (R-2p+q)M + ( l l - 2 ~ ) ~  + m+f3 

with respect to its argument. 
- 
S is the integral of S 

PmPq Qmpq 
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Since C2o is approximately 1000 times g r e a t e r  than  any o t h e r  geopoten- 

t i a l  c o e f f i c i e n t ,  t h e  C2o s e c u l a r  terms very c l o s e l y  resemble t h e  a c t u a l  

s ecu la r  rates of t h e  elements Q , w , M  

a 3N C a2 

ref 4a' (1-eg) z 
3 20 e '  (1 _- 5 c o d i  ) 

W 

3N C20at 

4a' (l-eL> '' 2 (3 cos% - 1) Mref = N - 

These angular  rates are used as t h e  r e fe rence  angular  rates i n  t h e  

denominators of equation ( 2 . 4 1 ,  i.e., it rep resen t s  dev ia t ions  about a 

secu la r ly  precess ing  Kepler e l l i p s e  (a,e,i,h,;,M cons tan t s )  

Reca l l ing  t h a t  long period perturbations(exc1uding resonance) due t o  

t h e  geopo ten t i a l  occur when only w appears i n  the angular  argument, 

extremely long periods w i l l  occur when w 

equation, i t  is found t h a t  e 0  when 

0. From t h e  above iref 

/5 o r  i = 63.4', 116.6' 5 cos i = ? 

This s i t u a t i o n  is usua l ly  r e f e r r e d  t o  as the "crit ical  i n c l i n a t i o n "  

problem. , ' 

Polar  o r b i t i n g  satell i tes (t = 90') e x h i b i t  no node motion due t o  C20 .  

Satel l i tes  wi th  i n c l i n a t i o n s  less then  90' have node r eg res s ions  (C2@ 01, 

w h i l e  sa te l l i t es  w i t h  r e t rog rade  o r b i t s  (9 90') e x h i b i t  .p rogress ions  of 

t h e  node. 

14 



Expressions f o r  the f i r s t -order  per turbat ions due t o  third-body attrac- 

t ions  are given by a u l a  (1961) and are similar t o  ( 2 . 4 ) .  

s ions  will be d iscussed ' in  Chapter 4 when the  e f f e c t s  of solid-body t i d e s  

Such expres- 
. .  

are analyzed. 

2.5 Previous Numerical Transformation Methods 

Transforming from osculat ing t o  mean elements or, i n  other words, 

completely eliminating a l l  short  period terms could be performed e n t i r e l y  

using analytical. techniques. However, i f  a transformation is required 

t o  remove all short-period terms t o  the  centimeter level, one must con- 

s i d e r  second-and higher-order terms in addi t ion  t o  a vast number of 

f i r s t -order  per turbat ions. .  To eliminate the  complexity and l a rge  amounts 

of computer time required t o  perform such transformations, R. R. Newton 

(1965) f i t t e d  a secular ly  precessing Kepler e l l i p s e  t o  a closely-spaced 

ephemeris of Cartesian elements. H e  obtained a precis ion of 0 . 5  t o  1.0 

a rc  second in the  mean inc l ina t ion  of U. S. Navy navigation satell i tes.  

H e  then used these "mean" Keplerian elements t o  recover lumped values of 

. the  s o l i d  Earth t i d a l  Love numbers and phases. There were la rge  var ia-  

t ions  i n  h i s  results which Lambeck e t  a l .  (1974) properly explained as 

the  neglect of the influence of ocean t ides .  

Douglas e t  a l .  '1972) modified t h i s  procedure by removing l a rge  f i r s t -  

order perturbations from a sequence .of closely-spaced osculating 

Keplerian elements p r i o r  t o  the least squares f i t  t o  a secular ly  pre- 

cessing e l l i p s e .  They obtained a f i t  of 0.1 a r c  second i n  the mean 

inclinationsand 10 cm i n  the mean semi-major axes of the GEOS-1 and 

GEOS-2 satellites. 
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Also unaware of t h e  systematic e f f e c t s  of ocean t i d e s  on o r b i t s  of near- 

Earth satellites, Douglas et  al .  (1972.) us ing  t h i s  improved'method of 

ob ta in ing  mean elements obtained very  p r e c i s e  and d i f f e r i n g  va lues  of t h e  

s o l i d  t i d e  Love number kp from the two satellites, which implied a 

l a t i t u d e  dependence on t h e  p a r t i c u l a r  o r b i t  being analyzed. 

It was t h e  r e s u l t s  of Douglas e t  al. (1972) t h a t  l e d  t o  t h e  p re sen t  

e f f o r t  t o  t r y  t o  produce mean Keplerian elements having a p r e c i s i o n  of 

0.01 arc second i n  mean i n c l i n a t i o n  and 1 cm i n  t h e  mean semi-major axis 

(1 cm change i n  t h e  mean semi-major axis would cause the  p o s i t i o n  i n  the 

d i r e c t i o n  of t h e  v e l o c i t y  vector t o  change by only 1 m i n  a day). 

ob ta in  t h e i r  results, Douglas e t  al .  co r rec t ed  t h e  oscu la t ing  .elements 

f o r  geopotent ia l  terms through degree and o r d e r .  (4,4) befo re  averaging 

To 

over a one-or two-day sequence t o  extract t h e  s i n g l e  set of mean elements. 

2.6 Application of Low-Pass F i l t e r i n g  

It was felt t h a t  the use of Kaula's. harmonic approach should be  

extended t o  inc lude  a l l  s i g n i f i c a n t  pe r tu rba t ions  due t o  t h e  geopo ten t i a l  

through degree and order  (30,301. 

on t h e  semi-major axis and i n c l i n a t i o n  of GEOS-2. 

that even f o r  t h i s  small collectLon of f requencies ,  one t i m e  span over 

which a l l  l i s t e d  terms have an  i n t e g e r  number of per iods  would b e  extremely 

long. 

tive. 

numerically remove high-frequency e f f e c t s .  

Table 1 g ives  a few s e l e c t e d  effects 

It is e a s i l y  seen  

The c o s t  of i n t e g r a t i n g  such a lengthy t r a j e c t o e  would be  prohib i -  

One s o l u t i o n  t o  t h i s  problem is t h e  use  of a low-pass f i l t e r  t o  

This is a n a t u r a l  ex tens ion  of 

t h e  averaging process u?ed by Newton and Douglas et al .  
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Table 1.-Selected geopotential perturbations on 
GEOS-2, GEM 6 gravity model 

Degree Order Frequency 
(CycledDay) 

Aa 
(m) 

Ai 
( s e d  

2 

2 

3 

13 

14 

0 25.6 8000. 15. 

2 

1 

13 

13 

12.8 

76.9 

23.6 

1.998 

27.6 

1.003 

37.4 

11.8 

0.18 

.17 

.16 

130. 

0.3 

8. 

0 

21. 

0. 

12. 

8. 

2.6 

.2 

.4 

0.5 

.0002 

.14 

4.7 

.2 

.05 

.1 

.1 

.5 

.04 

.07 
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F i r s t ,  the  number of hnpq sets required t o  achieve centimeter precis ion 

would be diminished. 

than 1 m, with periods shor te r  than the  chosen cutoff frequency, must b e .  

That i s ,  only perturbations witheamplitudes l a rge r  

removed s ince the  f i l t e r  . w i l l  "catch" or e f fec t ive ly  throw out a l l  pertur- 

bations with frequencies grea te r  than the cutoff frequency. However, a l l  

s ign i f i can t ,  var ia t ions  with periods grea te r  than t h e  cutoff period m u s t  

s t i l l  be modeled. Thus, the f i l ter  would tend t o  keep down the number of 

h p q  sets and a t  the same t i m e  eliminate a l l  high frequency effects of 

- a l l  orders. 

order terms i n  a Taylor series expansion. To evaluate the  f i r s t -order  

approximations, a,e,i,i,i,M were assmed to  be constant when, in fact, , 

they were not. For example, the  predicted var ia t ion  i n  the semi-major 

The reference t o  higher-order e f f e c t s  is analogous t o  higher- 

axis, due t o  the  twice per revolut ion e f f ec t  of C p o ,  is i n  the  neighborhood 

of 8 km. 

f o r  if higher-order terms are considered. 

This approximation is good t o  about 20 m which can be accounted 

Low-pass f i l t e r i n g  can be  described simply as multiplying any s igna l  in 

frequency space by a un i t  s t e p  function which is equal t o  zero above any 

chosen cutoff frequency. This is expressed mathematically by 

- 
A (w) = A (a) H (w) . 

where (w) is Fourier transform of f i l t e r e d  s i g n a l  

A (0) is  Fourier transform of input  s igna l  (2.6) 
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Since multiplication i n  frequency space can be expressed as a convolutiqn 

fn the t i m e  domain, equation (2.6) can be written equivalently as 

- 
a ( t )  a(t) hCt-.r) d t 

where x ( t )  is f i l t e r e d  signal (2.7) 

. act) is input signal 
sin ( w C t )  

rt h ( t )  = 

A computer implementation of equation (2.7) has been programmed using 

the  w e l l  known Simpson-rule algorithm. Two shortcomings of the above 

procedure must be pointed out.  F i r s t ,  t he  limits of in tegra t ion  (e, 0 )  , 

must be replaced with realistic f i n i t e  limits (0, T) .  For a l l  r e s u l t s  

quoted here, a value of T equal t o  two days was used. 

e f f e c t s  near the endpoints caused by the in tegra t ion  over a f i n i t e  

i n t e rva l ,  only f i l t e r e d  values during the  middle day were ac tua l ly  used 

i n  the averaging process. Second, even though an extremely small cutoff . 

frequency is preferred,  one is limited by the duration of the  f i n i t e  span 

of data t o  be f i l t e r e d .  Eight-cycles pe r  day w a s  chosen for the r e s u l t s  

To avoid t rans ien t  

here. 

The advantage of the f i l t e r  can be eas i ly  seen by comparing f igures  1 

and 2. 

corrections,  using only the GEM-6 geopotential  model (Lerch e t  a l .  1974)  

i n  the s a t e l l i t e  equations of motion, 

play these elements is a t  the 20 m level, the  expected second-order e f f ec t  

due to  J2. The high .frequency of the  res idua l  e f f e c t s  is also pronounced. 

Figure 1 contains the semi-major axis of GEOS-2, a f t e r  f i r s t - o r d e r  

Notice the scale required t o  dis- 

r' 
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Figure 1.--Semi-major axis  after first-order correction. 



Figure 2 shows the same GEOS-2 elements used i n  f igu re  1 a f t e r  passing 

them through the  low-pass f i l t e r  described above. 

average value is reduced t o  an rms of 3 an, and the  high frequency 

The scatter about the 

s ignature  has been eliminated. 

'Figure 3 contains the  un f i l t e r ed  and f i l t e r e d  values of the incl ina-  

t ions  less f i rs t -order  corrections.  The dominant s lope is due to  long- 

period var ia t ions  which should be present i n  a l l  terms except the semi- 

major axis. The scatter i n  the  f i l t e r e d  inc l ina t ions  is less than 0.02 

a rc  second, which is  less than the  level expected of such phenomenon as 

the % t i d a l  e f f ec t ,  while the  scatter of t he  un f i l t e r ed  points  i s  about 

0.1 a r c  second. 

Figure 4 gives a seven-day h is tory  a t  da i ly  i n t e r v a l s  of t he  f i l t e r e d  

The scatter 

. 

and unf i l t e r ed  semi-major axes after averaging over a day. 

of the unf i l te red  mean elements is of the order 5 cm, while the f i l t e r e d  

points  are smooth t o  the  precis ion of the graph and have a dez in i te  

frequency content equal t o  the  beat period of the  13th order resonances. 

This e f f e c t  i s  believed t o  be a second-order i n t e rac t ion  of J2 with the  

resonant terms. The comparison leads one t o  be l ieve  that a t  l e a s t  5 cm 

of the  10-cm scatter experienced by Douglas e t  a l .  (1972) could have 

been due t o  inaccuracies i n  the  transformations. 

Figure 5 shows the h is tory  in the f i l t e r e d  mean semi-major axis  of 

GEOS-2 during two weeks i n  June 1968. 

two-day a rc s  of op t i ca l  f l a s h  data.  

The elements were obtained from 

The apparent s inusoidal  var ia t ion  

with a period of approximately s i x  days is 

resonant e f f e c t s ,  and the  secular  decay is  

drag and so la r  rad ia t ion  pressure e f fec ts .  

nent of the s igna l  shown in f igu re  5 is a t  
21 

due t o  unaccounted-for 

due to  the  combination of 

Note that the  random compo- 
4. 

the  centimeter level .  Numerous 
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a p p l i c a t i o n s . o f  th is  technique exist n o t  on ly  t o  determine geode t i c  and 

geodynamic parameters, bu t  also t o  e v a l u a t e  t h e  most s u b t l e  r a d i a t i o n  and 

atmospheric e f f e c t s .  

2.7 Damping Ef fec t  of Averaging 

Equally important i n  t h e  conversion from oscu la t ing  t o  mean elements is 

t he  removal of the d i r e c t  l u n a r  pe r tu rba t ions  p r i o r  t o  averaging. The 

d i r e c t  l una r  p e r t u r b a t i o n  corresponding t o  t h e  semidiurnal M2 frequency 

on t h e  mean i n c l i n a t i o n  has an amplitude 50 times g r e a t e r  than  t h e  ocean 

t i d e  e f f e c t ,  so that any damping of the d i r e c t  e f f e c t  due t o  averaging 

w i l l  cause l a r g e  e r r o r s  i n  t h e  ocean t i d e  parameter determination. It 

is easy t o  show that a sinusoidal variation of frequency w averaged over 

a n  i n t e r v a l  2A has  its phase unchanged and its amplitude damped by a 

f a c t o r  s i n  (uA)/uA. 

of t h e  semi-diurnal Mi t i d e  is a semi-monthly orbit per tu rba t ion .  

As w i l l  be shown i n  Chapter 3, t he  dominant effect 

With 

a one day average t h i s  damping amounts t o  about 1% and thus  would produce 

an e r r o r  of, 50% i n  t h e  ocean t i d e  signal i f  allowed t o  occur. 

2.8 T i d a l  Pe r tu rba t ions  from'a Sequence of Mean Elements 

To i s o l a t e  t hose  pe r tu rba t ions  due t o  t i d e s  and other geophysical para- 

meters of i n t e r e s t ,  one must f i r s t  pass t h e  sequence of mean elements 

through an o r b i t  determination program which properly models as many of 

t h e  terms of  t h e  d i f f e r e n t i a l  equation that are not t o  be estimated o r  

improved. For tuna te ly ,  such a program w a s  a v a i l a b l e  from NASA Goddard 

Space F l i g h t  Center,  Greenbelt ,  Maryland, 

by Williamson and ?h l l i n s  

This computer program, implemented 

(19731, is c a l l e d  ROAD (Rapid Orb i t  Analysis 
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and Determination). The force  model w e d  in ROAD is based on Kaula's 

work. 

the numerical in tegra tor  t o  use s teps izes  of a revolution o r  longer, as  

Only long period, secular, and resonant terms are used which a l lows  

compared t o  conventional o r b i t a l  in tegra tors  which normally use 1/75 t o  

l / l O O  revolution s tepsizes .  Such a program is very useful  when analyzing 

long sequences of mean elements and predicting satellite l i f e  times 

(Wagner and Douglas, 1970). The possible force  model parameters ava i l ab le  

t o  the ROAD user are the following: 

. up t o  200 h p q  sets - any degree and order  term can be 

used t o  (40,401 

. s o l a r  and lunar third-body a t t r a c t i o n s  

. so la r  radiat ion pressure 

. atmospheric drag 

. s o l i d  t i des  

. dynamic effect of precession and nutat ion 

. second order 52 secular  e f f ec t s  

All the above options were exercised when analyzing the  data f o r  t h i s  

study. 

especial ly  useful.  

The application of the. third-body e f f e c t s  of the Moon and Sun was 

As w i l l  be shown i n  Chapter 3 and Chapter 4, the  s o l i d  

and ocean t i d e s  have the same frequency spectrum as do t h e  direct e f f e c t s  

of the  dis turbing bodies. Thus, ROAD w a s  used q u i t e  e f fec t ive ly  t o  

eliminate or f i l t e r  out t h e , d i r e c t  e f f ec t s  of the  Sun and Moon so t h a t  

only per turbat ions due t o  s o l i d  and ocean t i d e s  would remain when the 

ROAD t heo re t i ca l  o r b i t  was subtracted from the  ac tua l  s a t e l l i t e  mean 

element ephemeris. 
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2.9 Aliasing 

One might think that f i t t i n g  an o r b i t  t o  t he  mean element da ta  could 

cause the f i t t e d  o r b i t  t o  ad jus t  t o  alias the  parameters sought, e.g., 

as the  ocean t i des ,  Such a l i a s ing  should not  happen in t h i s  case, however. 

The o r b i t  is predominately governed by the  central body and 32 a t t r a c t i o n s .  

Tlius, the o r b i t  detenninatlon must f i r s t  s a t i s f y  these dynamical con- 

s t r a i n t s  before any o ther  much smaller terms in the potential function 

can be considered. 

and so l id  and ocean t i d e s  are driven by the  massive e f f e c t s  of central 

body and oblateness e f fec ts .  This will be made even more evident when 

That is, e f f e c t s  such as zonal and tesseral harmonics 

analy t ica l  approximations t o  t i d a l  per turbat ions are obtained. 



3. OCEAN TIDES 

3.1 Background 

The ebb and flow of the ocean t i d e s  on the  shore have always fascinated 

and stimulated mankind. 

ancient Roman author,Pliny,was aware of the dependence of t i d e s  on the 

motions of heavenly bodies as ear ly  as the  f i r s t  century A.D. 

Pliny's His tor ia  Naturalis we f ind  the following: "Much has been sa id  

about the  nature  of waters; but t he  most wonderful circumstance is the 

a l t e r n a t e  flowing and ebbing of t he  t i d e s ,  which exist, indeed, under 

various forms, but is caused by the  Sun and the Moon. The t i d e  flows 

As pointed out by E. P, Clancy (1968), an 

From 

and ebbs twice between each two r i s i n g s  of the Moon, always i n  t h e  space 

of twenty-four hours. F i r s t ,  the Moon r i s ing  with the  stars swells out 

t h e  t i de ,  and a f t e r  some time, having gained the  summit of the  heavens, 

she declines from the meridian and sets, and the t i d e  subsides.  Again, 

after she  has set, and moves the  heavens under the  Earth, as she approaches 

the meridian on the opposite s ide ,  the t i d e  flows in; a f t e r  which It 

recedes u n t i l  she again rises t o  us. But the t i d e  the  next day is never 

a t  the  same t i m e  with tha t  of the preceding." 

Of course Pliny w a s  re fe r r ing  t o  the  pr inc ipa l  lunar semi-diurnal 

frequency which Darwin (1898) gave the  name Mp (M for Moon, 2 fo r  twice 

per  day) and which has a period of 12.42 hours. 

Even though. the correlat ion of t i d e s  t o  the motion of the Sun and Moon 

were known t o  ancient observers, it was not u n t i l  1687 t h a t  S i r  Isaac 

Newton i n  his Principia  was  ab le  t o  construct a simple mathematical model 

f o r  t i d a l  phenomena. 

t h e  occurrence of spring and neap t i des ,  diurnal  and e l l i p t i c  inequal i t ies .  

Based on h i s  l a w  of g rav i ta t ion ,  Newton predicted 
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Laplace i n  1773 was the  first t o ,  formulate the d i f f e r e n t i a l  equations 

o f  motion. (which now are usual ly  re fer red  t o  as Laplace t i d a l  equations). 

In h i s  Mecanique c&l.este, Laplace solved the ideal ized case.of  a f l u i d  

covering the  e n t i r e  Earth under the  influence of forced osc i l l a t ions .  

The obvious rise and f a l l  of t i d e s  caused man t o ' l e a v e  records of the 

ebb and flow as w e l l  as t i d a l  c r e s t s  along coasts  and es tuar ies .  In  . 

1866 Lord Kelvin made the  f i r s t  harmonic ana lys i s  of such t i d a l  observa- 

t ions.  

his book The Tides, provided a de ta i led  descr ipt ion of the  t i d e  generating 

This' procedure was quickly adopted. In 1598 George Darwin, i n  

po ten t i a l  and associated frequencies. This work was the  au tho r i t a t ive  

reference f o r  approximately 25 Years 

In 1921 A. T. Doodson, recognizing the f a c t  tha t  Darwin's work was 

based on var ia t ions  i n  equator ia l  angular arguments of the  Sun and Moon, 

revised Darwin's theory t o  represent the t i d e  r a i s ing  poten t ia l  i n  terms 

of the e c l l p t i c a l  ra ther  than equator ia l  var iables .  

The angular arguments of Doodson's tr igometric series and t h e i r  periods 

a r e  given i n  t ab le  2. The lunar  mean longitude is the  sum of the lunar 

. node, mean anomaly, and perigee angles. The node is referred t o  the 

The mean longitude of the lunar perigee is the sum of the ecl ipt ic .  

node and perigee angles which are again measured i n  the  ecliptic.  

wise, the  so l a r  mean longitude is the sum of t h e  perigee and mean anomaly 

angles. Thus, each of the  fundamental angular quan t i t i e s  of both the  

Sun and Moon can be broken down i n t o  l i nea r  combinations of t h e i r  mean 

Keplerian angular values. In addition, evaluation of l o c a l  mean lunar  

t i m e  w i l l  require  information about the Earth's ro ta t ion .  

Like- 
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Tahle 2.-Six fundamental angular arguments of 

the  Earth-Moon-Sun system 

Representation 

This 
study Doodson Description Period 

$1 T mean'lunar time reduced t o  an 
angle T = 8, 3 - s 
where gg is t h e  longitude of Greenwich 

12.42 h r  

$2  8 Moon s mean longitude 27.3215 d 

03 h Sun's mean longitude 365.2422 d 

$4 P longitude of Moon's perigee 8.847 y r  

0 5  N' = -N N is the longitude of the Moon's ascend- 
ing node . 18.613 y r  

06 P1 longitude of the  Sun's perigee 20,940 y r  

As w a s  indicated when comparing Doodson's and Darwin's work, a very 

important point is t ha t  these angular var iab les  are referred t o  the plane 

of t h e  ecliptic--the plane created by the o r b i t a l  motion of the Earth 

about the Sun. This should be remembered as i t  w i l l  be referred to  again 

when discussing the  sol id- t ide contribution. 

3.2 Doodson's Harmonic Representation of Tide Height 

Tradi t ional ly ,  as defined by Doodson, the var ia t ion  i n  height a t  t i d e  

gages has been represented by an amplitude and associated phase for each 

argument number. The argument number is a shorthand notat ion f o r  repre- 

senting the in t eg ra l  coe f f i c i en t s  of the  six fundamental f igures  used to  
29 



eva lua te  t h e  angular argument. 

The argument number is obtained by tak lng  t h e  last five in t .egra1  

c o e f f i c i e n t s  and adding t h e  i n t e g e r  5 t o  each t o  create a set of p o s i t i v e  

in t ege r s .  

ment number. 

This  new set of six p o s i t i v e  d i g i t s  then  c o n s t i t u t e s  t h e  argu- 

For example, i f  t h e  angle  

2t - 3s + bh + p 2N' + 2pl 

is being considered, t h e  argument number t h a t  r ep resen t s  t h i s  frequency 

is 229.637. The first t h r e e  numbers are c a l l e d  t h e  c o n s t i t u e n t  number 

(229). 

is c a l l e d  t h e  spec ie s  number (2). 

t h e  Darwinian symbols can u s u a l l y  be used t o  represent  t h e  same c o l l e c t i o n  

of major frequencies (periods of one year or less). 

The f i r s t  two are c a l l e d  t h e  group number (22),  and f i r s t  number 

Doodson's cons t i t uen t  number and 

A breakdown of some of t h e  Darwinian symbols and a s soc ia t ed  Doodson 

argument numbers are given i n  t a b l e  3. 

Thus, a t  any t i d e  gage t h e  t i d e  he igh t  can be  represented by 

h(T) = c 6ncos ( i i*~-$n)  n -- 6 - 
where n=B = X n,.B,,. n is a v e c t o r  of t h e  s i x  i n t e g e r s  r ep resen t ing  

i=1 A A 

a l l  poss ib l e  combinations of B i ,  or what Doodson c a l l e d  t h e  argument 

number. n l  is always r e s t r i c t e d  t o  p o s i t i v e  i n t e g e r s  whi le  np - ng can 

take  on any p o s i t i v e  o r  nega t ive  i n t e g e r  value. 6 and JI are t h e  associ-  

a t e d  amplitudes and phases a t  t h e  gage. 

n n 

This same procedure can be  extended t o  represent  amplitude and phase 

over  t h e  e n t i r e  Earth su r face  (Hendershott and Munk, 1970) 

- -. 
h(4,X.T) a C 6 n .  (@,A)  cos  [n'B-!n(@,A)l 

n 
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Table 3.--Selected Darwinian symbol and Doodson 
argument numbers 

Doodson 
Dam4 aian Argument Period 
Symbol Number (hr) Description 

255,555 12.42 Principal lunar semi-diurnal 

52 273.555 12.00 Principal solar semi-diurnal 

M2 

245.655 

275.555 

264.455 

165.555 

145.555 

163.555 

135.655 

075.555 

065.455 

057.555 

12.66 

11.97 

12.19 

23.93 

25.82 

24.07 

26.87 

13.66 d 

27.55 d 

188.62 d 

Larger lunar elliptic semi-diurnal 

Luni-solar semi-diurnal 

Smaller lunar el l ipt ic  

Luni-solar diurnal 

Principal lunar diurnal 

Principal solar diurnal 

Larger lunar elliptic 

Lunar fortnightly 

Lunar monthly 

Solar semi-annual 

~~ ~~ ~ ~ ~ ~ ~~~~ ~ ~ ~~ 

This is accomplished by expressing (3.2) in terms of 

which are then expressed in series of surface spherical harmonics (Lambeck 

et al. 1974). That 

is, the height for any frequency component = ("1 ,nzr . . ,ng) at any point 
Of course, on the continents the bn(O,A) must vanish. 

. .  

( $ , A ) ,  at time T, will be given as 
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The II = 0, 1 components of (3.3) are discussed by Hendershott (1972). 

3.3 Co t ida l  Charts 

Although t h e  g loba l  t i d e  s o l u t i o n  is expressed by a set of c o e f f i c i e n t s  

C+ 

t r y i n g  t o  visualize t h e  physfca l  processes.  

and C- , scanning t h i s  list .of c o e f f i c i e n t s  is unacceptable when nRm nRm 

The t r a d i t i o n a l  method of 

present ing  any ocean t i d e  model is w i t h  a c o t i d a l  c h a r t .  

c o t i d a l  c h a r t  is given i n  figure 6. 

A t y p i c a l  

The phys ica l  f e a t u r e s  of t h e  g loba l  

t i d e  are r e a d i l y  ava i l ab le .  For example, t h e r e  are p laces  where no t i d a l  

o s c i l l a t i o n s  exist. These .points are c a l l e d  amphidromes. The t i d a l  

crest w i l l  circulate about t h e s e  amphidromic p o i n t s  w i th  t h e  period of ' .  

t he  p a r t i c u l a r  t i d a l  component being inves t iga t ed .  

t he  amphidromes can b,e found where t h e  cons tan t  phase l i n e s  o r  c o t i d a l  

On t h e  c o t i d a l  c h a r t  

l ines  emanate. Those l ines  not  o r i g i n a t i n g  a t  t h e  amphidromes are t h e  

l i n e s  of constant amplitude o r  corange l i n e s .  

3 . 4  Nrrmerical Solu t ions  of Laplace T ide  Equations 

It has been t r i e d  several times t o  i n t e g r a t e  numerically t h e  Laplace 

t i d a l  equations using modem computer methods (Hendershott , 1972; Bogdanov 

and Magarik, 1967; Peker i s  and Accad, 1969). To d a t e ,  no two s o l u t i o n s  

exh ib i t  c l o s e  agreement. Large v a r i a t i o n s  i n  l o c a t i o n  of amphidromes 

exist and phase d i f f e rences  of hours are common. Table 4 g ives  t h e  

p r i n c i p a l  terms i n  t h e  s p h e r t c a l  harmonic r ep resen ta t ion  of t h r e e  models 

f o r  t h e  M2 component as given by Lambeck e t  a l .  (1974). Notice t h a t  t h e  

amplitudes d i f f e r  by approximately 25%. Disagreement i n  t h e  phases i s  

a l s o  quick ly  observed. This is not unexpected, however. It was necessary 

for each i n v e s t i g a t o r  t o  model such c h a r a c t e r i s t i c s  as ocean bottom 
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Figure 6.--A Typical Cotidal Chart 



topography, coas ta l  boundaries, i n t e rna l  f r i c t i o n  due t o  the  v i scos i ty  of 

water, ocean loading and f r i c t i o n  in t he  shallow seas. 

3.5 Other Methods f o r  Resolution of Tidal Parameters 

One could a l so  suggest t h a t  t h e  so lu t ion  f o r  the  phases and amplitudes 

be obtained from least-squares f i t s  of t he  spher ica l  harmonic representa- 

t i ons  to  t i d e  'gage data .  

su f f i c i en t  data  were ava i lab le  from t h e  open areas of the  oceans. 

date,  mostly coas t a l  ' t ide  gage data are avai lable ,  and the  dynamics of 

the t i des  i n  these areas is controlled by the  coas ta l  boundaries and the  

continental she l f .  

able ,  but not near ly  enough t o  be used t o  obtain any representat ion of 

the global t ide .  

of solut ions of the  Laplace t i d a l  equations. 

This would be t h e  most obvious method i f  

To 

, A few deep sea instrumental results are indeed avail- 

Their use has been r e s t r i c t e d  to  a real is t ic  comparison 

S a t e l l i t e  perturbations,  on the other  hand, do reveal the e f f e c t  of 

global so l id  and ocean t i des .  This phenomenon affords  us t h e  opportunity 

to  solve for a l imited set of spherical  harmonic coe f f i c i en t s  without 

having t o  construct t he  complicated dynamics required by oceanographers 

when t rying numerically t o  solve the  t i d a l  d i f f e r e n t i a l  equations. 

Table 4.--Principal coe f f i c i en t s  from various 
ocean t i d e  models 

Invest igator  
~~ ~ ~ ~~~ ~~~~~~ ~ 

Pekeris and Accad 4.4 340 1.4 170 

Hendershott 5.1 316 ' 1.2 115 

Bogdanov and Hagarik 4.3 325 1.7 116 . 
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3.6 Ocean Tide P o t e n t i a l  

Once t h e  tAde he ight  is known, then  the p o t e n t i a l  due t o  t h i s  m a s s  of 

water can be  obtained, This  is accomplished by r e a l i z i n g  t h a t  t h e  t i d a l  

l a y e r  c o n s t i t u t e s  a very  t h i n  f i l m  wi th  constant d e n s i t y  and varying he igh t  

covering a nea r ly  s p h e r i c a l  body. 

l a t i t u d e $ a n d  1ongitudeAon the s u r f a c e  is given by 

The mass of a small element loca ted  a t  

where the summation is computed over  a l l  poss ib l e  t i d a l  f requencies  n. 

I n t e g r a t i n g  t h e  d i f f e r e n t i a l  external p o t e n t i a l  due t o  each d i f f e r e n t i a l  

mass a t  ($,A) over t h e  entire sphere  y i e l d s  a modified o r  time varying 

p o t e n t i a l  due t o  t h i s  t i d a l  l a y e r  on any mass a t  po in t  (r',$',A') 

The denominator i n  (.3.5) is j u s t  t h e  d i s t ance  from any po in t  (-r',$',A') 

t o  t h e  d i f f e r e n t i a l  mass on the. su r f ace  a t  ($,A). y '  is t h e  angle  from 

(a ,$ , A ' )  t o  t h e  c e n t e r  of t h e  Ear th  t o  t h e  po in t  ( .r ' ,@',A') .  Noting t h a t  
e 

cr' 2-2a r ' cos  y '  +a:)-' is  the  genera t ing  func t ion  f o r  Legendre polynomials 

and using t h e  or thogonal i ty  r e l a t i o n  between Legendre polynomials and 

e 

assoc ia ted  Legendre func t ions  (which occurs when t h e  t i d e  he ight  representa-  

t i o n  is m u l t i p l i e d  by t h e  Legendre polynomials generated by t h e  expansion 

of t h e  denominator), equation (3.5) can now be w r i t t e n  (MacRobert 1967; 

Menzel 1961) 

AU(r',$',A',T) = 47rGa Z - 1 rT1 - hnirn($',A9Pw 
e . 2i+1 r' nRm 
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1 AUf(r',4',A',T) = 4rGa p C - 
n i m  e w  (3.6) 

The center of mass a t t r a c t i o n  of t h e  Ear th  causes t h e  ocean f l o o r  t o  

depress. There is  a l s o  another .deformat ion  due t o  t h e  a t t r a c t i o n  on t h e  

ocean f l o o r  upward toward t h e  t i d a l  layer.. The combination of t hese  two 

deformation r e s u l t s  i n  y e t  another change t o  t h e  p o t e n t i a l .  This f u r t h e r  

change due t o  d e f o n n a t i o n . i s  def ined  by t h e  load deformation c o e f f i c i e n t s  

h: and kf: (Hunk and Ma'cDonald 1960). 

height change as h: AUn. 

depression is greater than the u p l i f t ,  so h' and k' are negative as might 

be expected. Thus, t h e  t o t a l  p o t e n t i a l  ou t s ide  the E a r t h ' s ' s u r f a c e  can 

now be written 

h: is used t o  d e f i n e  t h e  geometric 

As poin ted  out  by Munk and HacDonald, t h e  

n 11 

where NJ(t,$,X)isgiven i n  (3.6). 

Numerical va lues  of k: used i n  t h i s  study are taken from F a r t e l l  (1972). 

The t i m e  v a r i a b l e  T has been suppressed. 

k; = -0.308 

kl = -0.132 

Lambeck e t  a l .  (1974), following t h e  same procedure as Kaula (19691, have 

expressed equation (3.7) i n  terms of t h e  Keplerian ( e q u a t o r i a l )  elements 

of a s a t e l l i t e  
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-- + 
where yf = (Il-2p)w.+(R-2p+q)M + m(G-8) - + n.6 - + E : ~ ~  

namps 

The'inclination functions F (i) and eccentricity functions G (e) are 
amp aPq 

the same polynomials discussed in Chapter 2. 

3.7 Analytic Approximations of Ocean Tide Perturbations 

As with estimating perturbations due to the geopotential, the potential 

AU' must be substituted into the Lagrangian planetary equations to obtain 

the six first-order differential equations of the motion. Again, noting 

that a,e,i remain nearly constant, the integration of these equations can 

be approximated by assuming the angular variables R,w,M,Q to change lin- 

early,in time (i.e.,' secular rates due to C20 are used for i,i,k). 
the differential equations are easily integrated. For example, the incli- 

i 
Now 

nation perturbations are given by 

a-myeven 

'ntmpq 

c0s]2-~ odd 
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Notice t h e  presence of t h e  ' in t h e  denominator of (3.9). 

per tu rba t ions  due t o  ocean t i d e s  are small, small' values  of 

requi red  t o  amplify t h e  pe r tu rba t ions  t o  a d e t e c t a b l e  level. 

Since t h e  

' w i l l  be 

It is  f o r  

t h i s  reason t h a t  mean elements (slowly varying) r a t h e r  than  o s c u l a t i n g  

elements are analyzed. 

I n t e g r a t i o n  of the node i s  s l i g h t l y  more complicated. There is  t h e  

expected ' d i r e c t '  e f f e c t  and an i n d i r e c t  effect through t h e  C20 s e c u l a r  

rate assumption. F i r s t ,  t h e  d i r e c t  e f f e c t  is found by i n t e g r a t i o n  of 

t h e  equation, as was done f o r  d i / d t .  This i n d i r e c t  effect is obtained 

by realizing that the assumed s e c u l a r  rate due to cz0 

cos  i a 
2 2  2 2(1-e ) a secu la r  ii 

w i l l  experience small changes due t o  t h e  low frequency v a r i a t i o n  i n  t h e  

i n c l i n a t i o n  obtained i n  equation ( 3 . 9 ) .  Thus, the indirect effect is  

- ** ( t ) i n d i r e c t  - 

Combining these two e f f ec t s  

Jaise;;lar A i ( t )  d t .  

gives 

R-n even 
2 ~ 2 0  s i n  i [(R-~P) cos i - ml 

i' 
F (i) 

RmP 
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3.8  Long Period Ocean Tide Pe r tu rba t ions  

For a given Tec to r  o f ' c o e f f i c i e n t s  Z, only c e r t a i n  va lues  of ampq are. 

admiss ib le  t o  achteve low frequency pe r tu rba t ions  (periods longer than one 

day), 

4 - L, where 6 is t h e  s i d e r e a l  r o t a t i o n ,  u must equal n1 t o  cance l  ou t  a l l  

11-2p-I-q must equal zero  t o  eliminate t h e  mean anomaly. Since (jl = 

da i ly  variations. m cannot take on negative values so only angular varia- 

b l e s  y y i e l d  long period terms. Since pe r tu rba t ions  are p ropor t iona l  t o  

e l q 1 ,  q must equal zero t o  rule ou t  n e g l i g i b l e  terms. With q set equal t o  

+ 

zero,  t h e  II - 2p + q c o e f f i c i e n t  now reduces t o  11 - 2p. Thus II must now 

be even. 

are (2,2), '(4,2), (6,2) .... 
For semidiurnal terms (n1=2), values  of 11 and m t o  be  considered 

For t h e  d i u r n a l  t i d e s  (n la l ) ,  11 and m can t a k e  

on t h e  va lues  (2,1),  (4,1), ( 6 , l )  .... Only 11 = 2,4 need be  considered. 

To sense  t h e  magnitude of t h e s e  ocean t i d e  pe r tu rba t ions ,  t a b l e  5 g ives  

ampl i tude .es t imates  on t h e  i n c l i n a t i o n  and node elements f o r  several satel- 

l i tes .  

As w a s  pointed out previously,  t h i s  e f f e c t  is due t o  t h e  small values  of 

One no t i ces  a t  once t h e  l a r g e  pe r tu rba t ions  due t o  s o l a r  t i d e s .  

y which appear i n  t h e  denominator of t h e  pe r tu rba t ion  equations.  It is  a l s o  

obvious t h a t  t h e  pe r tu rba t ion  due t o  t h e  t i d a l  component, which is t h e  most 

d e s i r a b l e  t o  observe, makes t h e  p r i n c i p a l  lunar  semidiurnal o r  M2, i n  fac t ,  

one of t h e  most d i f f i c u l t  t o  resolve.  From t a b l e  5 it is  seen  t h a t  resolu- 

t i o n  of t h e  M2 ocean t i d e  r e q u i r e s  an accuracy of 2/100 arc second i n  t h e  

node and i n c l i n a t i o n  data.  The d a t a  of Douglas e t  a l .  (1972) were accura t e  

t o  t h e  l / lO'arc  second level which enables them t o  r e so lve  t h e  much l a r g e r  

so l id - t ide  per turba t ions .  
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Table S.--Predicted perturbations on several satellites ' 

Tide 

P1 - s2 - 0 1  - M2 - Sat el li te 
A i  AQ Period Ai AS2 Period Ai ASl Period Ai. AS2 Period 

(arc sec) (arc set) (daw) (arc sec) (arc eec) (days) (arc sec) (arc eec) (days) (arc sec) (atc eecj (days) 

CEOS-1 (iP59.4O) 0.03 0.01 11.7 0.00 . 0.00 , 12.6 0.04 0.05 55.7 0.06 0.01 85.4 

GEOS-2 (i=105.8') .04 .02 15.3 -00 , .01 14.4 .4.3 2.70 432.3  .28 3 . 3 3  632.4 

CEOS-3 (i=ll5.00) .06 .03  1 7 . 2  . 00 .01 15.2 .12 .2L 103.9 .41 2.52 482.1 

. 00 -31 175.9 & NAVSAT ' (i439.25') .04 .01 13.6 . 00 .01 13.6 .20 .54 169.6 

BE-C (1~41.2') .04 . 0 3  10.3 . 01 .01 11.8 .03 .04 34.4 .07 .07 57.9 

.08 .03 60.8 STARIXTTE (i=49.8') .04 .04 10.5 . 01 .01 11.9 .03 .05 36.5 

SEASAT (1=108.0') .07 .03 16.2 . 00 .01 14.8 .21 ,68 163.4 2 .  108. 9120. 

LAGEOS (i=llO.Oo) .Ol .OO 14.0 . 00 .OQ 13.8 .05 .02 280.7 ..02 .07 221.3 



4. SOLID TIDE 

4 , l  Tide Raising Potent ia l  

Based on Newton's inverse square theory of gravi ta t ion ,  the a t t r ac t ion  

of the  Sun on the  Earth is approximately 178 times the  a t t r a c t i o n  of the 

Moon on the  Earth. 

difference of attractions of the body at any point on the  surface with 

the  same a t t r a c t i o n  a t  the  center of mass. 

Howewer, the o r ig in  of the  t i d a l  forces  is due t o  the 

On f igu re  7,  the  gravi ta t ional  

forces (Newtonian a t t r ac t ion )  are represented by the  s o l i d  l ines .  

encing the  force  on the  center  of mass with the  other  two forces a t  the 

Differ- ' 

surface ( so l id  l i n e s )  y ie lds  the  or ig ins  of the  body and ocean t i des  ( in  

conjunction w i t h  the  Earth's ro ta t ion)  represented by the dotted l ines .  

Thus, the  t i d a l  forces  are proportional t o  the inverse cube of the 

dis tance t o  the dis turbing body. It then follows tha t  the  lunar t i da l  

.force is ac tua l ly  about twice the 'solar tidal force due to  the  proximity 

of the Moon t o  the Earth. 

A deformation is created by t h i s  a t t r a c t i o n  which looks l i k e  an elf ip-  

soid w i t h  t h e  major axis pointing toward the  b o n .  

'The gravi ta t iona l  accelerat ion of a mass m* a t  a point F* on mass a t  
+ 

point r relative t o  the center  of the  Earth can be calculated from its 

corresponding poten t ia l  

U =  

where cos s = 

the disturbing 

(4 1> 

, the  cosine of the angle from t h e  mass point t o  Y . 7  
ISl. 171 

body from t h e  center  of the Earth. 
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Figure 7.--Tide Raising Forces Due to the Moon 

As with the loading due to the ocean tides discussed in the previous 

chapter, proportionality constants (called Love numbers) are used to 

represent the height change and associated nonstationary character of . 

the potential due to this attraction. 

degree n at the surface is defined by hnUn(a ) / g .  

the potential at the surface is defined by the potential Love numbers, kn, 

as 

The deformation in height f o r  the 

The modification to 
e 

Since the moon is at approximately 60 Earth radii from the Earth, increas- 

ing the degree of n results in a damping effect of '1/60. 

42 



Applying D i r i c h l e t ' s  thcorem allows one t o  c a l c u l a t e  t h e  a d d i t i o n a l  p o t e n t i a l  

ou t s ide  t h e  Earth due to  this deformat ion 'as  

n+ 1 

her) = - 
. n-2 . r* ( 4 . 3 )  

4 . 2  

Kaula (1969) has reformulated t h e  above i n  terms of the Keplerian ele- 

So l id  Tide P o t e n t i a l  as a Function of S a t e l l i t e  Keplerian Elements 

ments of both  t h e  d i s t u r b i n g  body and t h e  mass as 

n 
(n-m)! e a n+l 

n=2 m=O pa0 q=-- h=O j=- 

- (n-ih) w*-(n-2h+j )M*+m(Q-R*) ] 

where F ( i )  and G(e) are t h e  f a m i l i a r  i n c l i n a t i o n  and e c c e n t r i c i t y  polyno- 

mials. 

Normally t h e  coord ina te  system i n  which t h e  above Kepler elements are 

referenced is an Ear th  e q u a t o r i a l  system. However, as previous ly  discussed, 

t h e  h i s t o r i c a l  r ep resen ta t ion  of t h e  ocean t i d e s  has  been i n  terms of t h e  

e c l i p t i c  v a r i a b l e s  of t h e  d i s tu rb ing  body (Moon or Sun). This is only 

n a t u r a l  s i n c e  t h e  mean angular rates of t h e  ?loon o r  Sun are r a t h e r  constant 

and a l s o  w e l l  known in t h e  e c l i p t i c .  system. On t h e  o t h e r  hand, t h e  system 

i n  which sa te l l i t e  mean element rates are f a i r l y  cons tan t  is t he  Earth 

43 



equatorialsystem. 

effect on near  Earth satellites is due t o  the Earth.'s ob la t eness ,  

This  too is only n a t u r a l  s i n c e  t h e  major per turb ing .  

Thus, 

i n  order  t o  compare in d e t a i l  t h e  e f f ec t so f  bo th  s o l i d  and f l u i d  t i d e  

p e r t u r b a t i o n s , i t  is necessary t o  express t h e  d i s t u r b i n g  p o t e n t i a l  in 

terms. of the satellite e q u a t o r i a l  elements and t h e  body's e c l i p t i c  ele- 

ments. 

The mechanics of th i s  t ransofnnat ion  can be fourid i n  appendix I. The 

r e s u l t a n t  form of the p o t e n t i a l  in terms of t h e  e q u a t o r i a l  elements of 

t h e  satel l i te  and e c l i p t i c  elements of t h e  d i s t u r b i n g  body is given by 

.p = (n-2p)urt( n-2p+q)MS.mQ-(n-2h+j )M*-(n=2h)w*-l k I Sl*+sgn (k) (k-m)a/ 2 . 

It i s  seen that equation ( 4 . 5 )  is very similar t o  equation '(4.41, as 

wo'uld be  expected. The extra s u b s c r i p t  k simply reflects the fact  tha t  

t he  e q u a t o r i a l  rates of t h e  d i s tu rb ing  body do vary depending on t h e  

alignment i n  e c l i p t i c  space. For example, t h e  e q u a t o r i a l  value of t h e  

luna r  i n c l i n a t i o n  w i l l  vary between 18' and 28' depending on t h e  locatioti  

of t h e  e c l i p t i c  va lue  of t h e  node. 

mately 5 3  w i l l  s i nuso ida l ly  vary about the  o b l i q u i t y  of the e c l i p t i c  (23'). 

Likewise, t h e  e q u a t o r i a l  node and per igee  rates of t h e  d is turb ing  body 

a l s o  vary. 

The ecliptic i n c l i n a t i o n  of approxi- 

The I ) * ~ , ~ , ~  scale t h e  . ind iv idua l  frequency terms. 
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a l s o  a convenient procedure t o  equate c0mnOn frequency components of t he  

s o l i d  Earth and ocean t i d e  p o t e n t i a l s +  Notice a l s o  t h e  presence of 

mult iple  s o l i d  Earth t i d e  terms f o r  a given ocean t i d e  'component. For 

example, t h e  condt t inn  f o r  an M2 term is t h a t  t h e  angle  2(Q-R*)-2~*-2i* 

be present .  This can happen f o r  two sets of c o e f f i c i e n t s  

mwever, as is pointed ou t  i n  appendix I, t h e  scale c o e f f i c i e n t  f o r  k = -m 

is n e g l i g i b l e  whi le  f o r  k = m t h e  c o e f f i c i e n t  is c lose  t o  unity.  

Thus, f o r  each s o l i d  t i d a l  component of t h e  p o t e n t i a l  t h e r e  is a corres- 

ponding ocean t i d e  potent ia l  contribution with the same angular argument 

and vice versa. Another important case is.when t h e  degree and o rde r  

s u b s c r i p t s  of t h e  ocean t i d e  terms are equal ( A  = m). I n  t h i s  s i t u a t i o n  

t h e  corresponding s o l i d  t i d e  component of same frequency w i l l  have 

i d e n t i c a l  dependence on t h e  satel l i te  o r b i t .  That is, t h e  r a t i o  of t he  

c o e f f i c i e n t s  of t h e  trigonometic func t ions  o f . t h e  s o l i d  and ocean t i d e  

terms w i l l  be  constant no matter what va lues  of a ,e , i  are used. Thus, 

t h e  s o l i d  and ocean t i d e  parameters cannot be separated from analys is  of 

long period pe r tu rba t ion  of o r b i t a l  elements alone. 

4.3 Sol id  Tide Lag 

Since t h e  longes t  period of f r e e  o s c i l l a t i o n  [ Jef fe r ies  1970) of the 

Earth is s l i g h t l y  less than one hour, w e  have been a b l e  t o  treat the  

Earth 's  response t o  t h e  deforming a t t r a c t i o n  as a s ta t ic  response. 

of t h e  a n e l a s t i c i t y  of t h e  Earth,  t h e  a c t u a l  deformation o r  rise and f a l l  
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i n  the surface occurs s l i g h t l y  after the  point on the surface passes under 

the dis turbing body, 

account f o r  t h i s  phenomenon. 

modified o r  f i c t i t i o u s  posit ion f o r  t he  dis turbing body under which the  

Thus, the  po ten t i a l  must be modified s l i g h t l y  t o  

Following Kozai (19651, l e t  us  assume a 
' 

maximum bulge occurs. 

point B. 

Figure 8 shows tha t  one must move from point A t o  

F i r s t ,  any lag  i n  the  Earth 's  response w i l l  occur i n  the  direc- 

t ion  of the Ea r th f s  rotat ion.  L e t  A t  be the  lag i n  t i m e  (a pos i t ive  

number). This f i c t i t i o u s  posi t ion can be represented by a ro t a t ion  of 

the body's o r b i t a l  plane about t he  Earth 's  ro ta t iona l  axis, an amount 

h t ,  and then backing up the sa te l l i t e  i n  time, an amount A t .  

cedure is accomplished by increasing the  nodal crossing, an amount O A t ,  

and then decreasing the  mean anomaly by . i A t  or 

This pro- 

* ** Rf" - Q*+ dat I$ = M - M A t  

Then a more r e a l i s t i c  expression for the  disturbing po ten t i a l  can be given 

by subs t i tu t ing  the  above in to  equation (4.4) 

( 4 . 6 )  
co s [ (n- 2p) ut( n-2p+q )M- ( n-2h) w*- (n- 2h+j ) M*+m ( R-R* ) +E llmk 1 

'2 t ag /  
Earth's ro t a t ion  A t  a T =  

8 
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This approach agrees. with Newton c1968) and Kaula (1969) in that the lag 

angle is proportional to frequency (Darwinian assumption). . 

Y 

X 

Figure 8.--Fictitious Lunar Orbit Compensation f o r  S o l i d  Earth phase Lag 
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5. ESTIMATION OF Mp OCEAN TIDE PARAMETERS FROM 
SATELLITE O W T  PERTURBATIONS 

5.1 Dlscussion of Data 

Two h i s to r i e s  of sa te l l i te  ephemerides have been obtatned f o r  studying 

the e f f ec t s  of so l id  and ocean t ides .  

elements of a U. S. Navy Navigation satell i te 1967-92A obtained ,from 

James G. Marsh of the  NASA's Geodynamics Branch, Goddard Space F l igh t  

Center, Greenbelt, Maryland. Mr. Marsh obtained the Doppler data  f o r  

The f i r s t  was a set of osculat ing 

t h i s  sa te l l i te  covering a 160day arc from the  U. S. Department of Defense. 

The second satell i te for 'which da ta  were made available is the GEOS-3 

GEOS-3 was launched i n  ear ly  1975 and w a s  designed specifi- satellite. 

c a l l y  fo r  geodetic invest igat ions.  It is . the  f i r s t  s a t e l l i t e  launched 

with an operational radar a l t imeter  ( NASA, 

the  surface o f  the  oceans. 

altimeter data,  the  Naval Surface Weapons Center, Dahlgren, Virginia  

1974) t o  measure d i r e c t l y  

To be ab le  t o  u t i l i z e  the  high qua l i ty  

tracked GEOS-3 with approximately 40 global ly  d is t r ibu ted  Doppler s t a t i o n s  

on a continual basis.  

ing campaisn. 

Very prec ise  o r b i t s  were obtained from t h i s  track- 

Using the  mean element conversion program, which w a s  created 

. f o r  t h i s  study, t he  Defense Mapping Agency Topographic Center , Washington, 

D. C.  converted a 200-day arc of osculating GEOS-3 data for use i n  this 

endeavor. 

5.2 Analysis of 19.67-928 S a t e l l i t e  

The gravity model used by Marsh when determining the o r b i t s  of 1967-92A 

from the Doppler data w a s  t he  GEM-7.model (Wagner e t  a l .  1976). The use 

of GEM-7 w a s  an important fac tor  i n  the  success of t h i s  work. In.or 'der t o  
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achieve a precis ion of 0.01 arc seconds, i t  was necessary t o  consider 

perturbations due t o  the e n t i r e  GEM-7 model (which is complete t o  25,251 

and remove about 600 h p q  term in Kaula's formulation of geopotential  

perturbations.  

Table 6 gives the  expected per turbat ions on 1967-92A due t o  d i f f e ren t  

t i d a l  components. Of course, the  M2 t i d e  is the one currently being 

sought. Remembering tha t  the t i d a l  amplitude is proportional t o  the 

period (inversely proportional t o  the  rate), i t  is  reasonable t o  expect 

the solar t i d e s  to  be larger i n  amplitude than the lunar ones. For 1967- 

92A the  node is ra ther  insens i t ive  t o  e i t h e r  the (2,2) o r  the  ( 4 , 2 )  t i d a l  

harmonics. It is f o r  t h i s  reason t h a t  only the inc l ina t ion  of 1967-92A 

is studied. 

After the 1967-92A mean elements were passed through the ROAD program, 

the differences between the theo re t i ca l  o rb i t ,  which ROAD determined from 

the data,  and actual mean elements were output f o r  fu r the r  analysis .  

The inc l ina t ion  differences were then assumed t o  have the ocean t i d e  

perturbations and so l id  t i d e  e r ro r s  remaining,,since it w a s  unmodeled i n  

the ROAD computer runs. Also, other  unmodeled or  mismodeled e f f e c t s  were 

also l e f t  behind. Therefore, it was,necessary t o  ex t rac t  the ocean t i d e  

perturbations using standard least-quares procedures. 

phase were f i t t e d  t o  the inc l ina t ion  res idua ls  a t  the M2 frequency as 

w e l l  as other frequencies which appeared, such as resonant, Sp, P1 fre- 

quencies. 

An amplitude and 

A slope and an in te rcept  were a lso  included i n  the solut ion 

set t o  remove left-over secular and very long period e f f e c t s ,  such a s  

the  K1 and K2 t i d a l  e f fec ts .  

period equal t o  approximately 8 days, a l s o  had to  be included i n  the 

A periodic e f f ec t  of unknown o r ig in ,  wi th  a 
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so lu t ion  set. 

Figure 9 shows a typ ica l  port ion of t he  inc l ina t ion  res idua ls  after 

removing a l l  perturbations including so l id  t i d e  effects with kp = 0.30 

and 6 - 0' except for the  solved-for amplitude and phase a t  the M2 fre- 

quency. Not t he  M2 t i d e  is c l e a r l y  discernible.  The '- f i t  t o  the  da ta  

was 0.03 arc seconds, The solution for  amplitude and phase at the M2 

frequency implies the following observation equation for the M2 t ide :  

1' . 
(3.8 2 .60) x s i n  [o(t)+33l0+1O0] = 

(5.1) 

where u(t) = 29 - #2M* - 2w* - 2Q* 

Table 6.-Perturbations on the  inc l ina t ion  of 1967-92A 

satel l i te  due t o  ocean t i des  

Component 
Period 
Days Amplitude Source 

~ 

13.6 

169.6 

II 

0.04 

0.17 
II 

2383.0 

13.6 

175.9 

4766.0 

Unknown 

0.000 

0.004 

0.08 

I 1  

II 

11 

Hendershott* (1972) 

Bogdanov and Magarik* 
(1967) ----- 

Dietrich* (1944) 

Felsentreger e t  a l .  

Dietrich* (1944) 
(1976) 8 

*As reported by Lambeck e t  a l .  (1974). ' 
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u( t )  is equal t o  1 cycle/13.58 days. 

Table 7 gives a comparison of t h i s  r e s u l t  with amplitude and phase. 

predicted from four  other  .numerical Mp t i d e  resu l t s .  

used t o  obtain these r e s u l t s  are given in t ab le  8. 

The mean elements 

The formal variances of these r e s u l t s  were obtained by assuming the  

variance of the  da ta  t o  be equal t o  the mean squared r e s idua l  a f t e r  the 

f i t  (0.03). 
II 

Because of the uniqueness of the Mp frequency ( the  effect 

of the O1 component is negl igible  on 1967=92A), little aliasing from 

other sources is l ike ly .  Thus, the  formal uncer ta in t ies  obtained are ' 

reasonably r e l i ab le .  

Of course, o ther  t i d a l  components can a l so  be obtained from these mean 

elements, but caut ion is required because of a l i a s ing  e f f ec t s .  

Table 7. --Amplitude and phase of inc l ina t ion  perturbations 

due t o  the M2 ocean tide on 1967-92A satel l i te  

Source Amp1 i t ude Phase 

Ob s e&ed 

Pekeris and Accad 

Hendershott (Model 1) 

Hendershott (Model 2) 

Bogdanov and Magarik 

11 

0.031 
I* 

0.040 

0.044 

0.030 

I t  

II 

331' 

335O 

322' 

280' 

340' 

'5.3 Analysts of .  GEOS-3 Satel l i te  

GEOS-3'is an ideal s a t e l l i t e  t o  use  for t i d a l  s tud ies .  For Mp recovery, 

the incl inat ion perturbation is dominated by the (2,2) harmonic and the 
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Table 8. Mean Keplerian Elements (1967-92A) 

TIME 
(MJD) 
41821.0 
.4 1823.0 
41 825.0 

41829.0 
41831.0 
41833.0 
41835.0 
41 837.0 
4 1839.0 
41841 .o  
4 1853. 0 
41851.0 
41 847.0 
41849.0 
41851.0 
41853.0 
41855.0 
41851.0 
41859.0 
41861.0 
41863 .O 
51865 .O  
41 867.0 
41869.0 
41811.0 
41875. o 
41871.0 
41 877 .o 
41879.0 
41111 .o 
41883.0 
41885.0 
41887.0 
41889.0 
41891 .O 
41893.0 
41895.0 
41 897.0 
4 1899.0 
41901 .O  
41903.0 
41905.0 
41907.0 
41909.0 
41911 .O  
41913.0 
41915.0 
41917.0 
41919.0 
41921 .O  
41923.0 
41925.0 
41927.0 
41929.0 
41931.0 
41933.0 
41935.0 
41937.0 
41939.0 
41941 .O 
41943.0 
41945.0 
41947.0 
41949.0 
41951.0 
4 19S3.0 
41955.0 
41957.0 
41959.0 
41961 .O 
41963.0 
41965.0 
41967.0 
41969.0 
41971 .O 
41973.0 
41975.0 
41977.0 
41979.0 
41981 .O 

4ia27.0 

A 
(METERS) 

7450987.286 
74~0986.885 
7450985.847 
7450985.042 
7450983.963 
7450983.128 
7550982.345 
7450981.841 

7450977.735 
7450977.051 
7450976.3i6 
741097S.487 
7410914.787 
7450975.971 
7450973.166 
7450972.361 
7450971.578 
7450970.954 
7450970.132 
7450969.411 
7450968.572 
7450968.091 
7450967.583 
7450967.170 
7450966.550 
7450965.119 
745096S.249 
7450964.424 
7450963.858 
7450963.158 
7450962.775 
7450962.306 
7450961.S62 
7450960.708 
74S0960.033 
7450959.544 
7450959.087 
7450958.629 
7450958.140 
7450957.692 
7450957.475 
7450956.899 
7450956.498 
7450956.243. 
7450955.832 
74509S5.305 
7450954.562 
74S0953.966 
7450953.544 
7450953.130 
7450952.489 
7450951.747 
74S0951.224 
7450950.413 
7450949.846 
7450949.187 
7450948.725 
7450948.463 
7450947.896 
7450947.040 
7450946.009 
7450944.995 
7450943.965 
7450943.164 
7450942.048 
7450941.210 
7450940.485 
7450939.632 
7450958.726 
7450937.909 
7450937.307 
7450936.499 
7450935.391 
7450934.314 
7450933.239 
7450932.335 

E 

0.0053695 
0.0052570 
0.0051 408 
0.00502 12 
0.0028994 
0.0047?62 
0.0046534 
0.0045324 
0.00441 42 
0.0043007 
0.0041931 
0.0040933 
0.0040032 
0.0039236 
0.0038037 
0.00376S7 
0.0037438 
0.0037375 
0.0037480 
0.0037749 
0.0038174 
0.0038746 
0.003945 4 
0. 0040282 
0.0041217 
0.0042241 
0.0043336 
0 .0044485 
0.0045670 
0. 0046IVO 
0.0048115 
0.0049347 
0.0050557 
0.0051745 
0.0052897 
0.005401 1 
O.OOSS069 
0.0056064 
0.0056987 
0.0058622 
0.0059308 
0.0059909 
0.0060420 
0.0060841 
0.0061 160 
0.0061378 
0.0061 502 
0.0061 531 
0.0061 456 
0.0061 274 
0.0060997 
0.0060631 
0.00601 72 
0.0059618 
0.0058973 
0.0058244 
0.0057439 
0.0056559 
O.OOSS607 
0.0054589 
0.005351 7 
0.0052397 
0.0051239 
0.0050052 
0.0048845 
0.0047630 
0.0046420 
0.0045232 
0.0044075 
0.0042962 
0.0041909 
0.0040934 
0.0040055 
0.0039278 
0.0038622 
0.0038108 
0.0037745 
0.0037531 
0.0037473 

0.0030b7 

0.0057845 

I 
(DEGREES) 

NODE 
‘ ( D E G R E E S )  

PER I GEE 
(DEGREES)  

24.76178357 
19.52975786 
14.18910869 8.73695363 

3.153972S1 

203; iitiaiij 
190.9a363954 

173.~919a524 

197.13450870 
184.99911052 
179.17202591 

lb7.91572219 
i62 i 54azfS io 
157.24553134 
1S2.0447S149 
116~93867214 
141.92319311 
136.97397710 
132.08857717 
127.26076741 
122.477S8164 
117.74101S22 
113.03755538 
108.36151017 
103.70221815 

89.81685561 

80.55373675 
75.90402237 
71.23603296 
66.54387735 
61.8168S696 
57.04790620 
S2.23666887 
47.37956612 
42.45836269 
37.46732785 
32.39894669 
27.25161052 
22.00678244 
16.b4640304 

99.0632~6 
94.4353a724 

8s.19ias229 

11. i6885466 
5.57547850 

359.84756374 
553.96004543 
347.90829612 
341.687S8120 
335.29986968 
328.73226428 
315,03311959 
307.92420825 
300.66203899 
293.26046094 
285.74947448 
278.17114838 
270.S6SO2738 

321.97~1767a 

M 
(DEGREES 1 

56.19259076 
49.11872932 
41 .7551bbS$ 
34.50651422 
27.38920763 
20.40681731 
13.17846950 
6.91426227 
0.42852212 

354.12132147 
358.01209787 
352.07820769 
336.53119465 
330.7685i172 
325.36868149 
320.10417888 
314.95041475 
309.87612131 
304.84310568 
29V.80410601 
294. ii ?ti 156 

~78.a45153~9 
289.55628612 
284.27045135 
273.2i591463 
267.47095648 
261.50423650 
255.35542974 
249.02168640 
235.82860832 
228.99370399 
222.01149817 
214.88606566 
207.63343500 
200.27831087 
192.82332969 
18S.274bl4bO 
177.63582150 
169.9311838s 
162.16373898 
154.34008662 
146.47337846 
130.61771890 
122.64643278 
114.65821152 
106.65020716 
98.63234616 
90.60702596 

66.19350899 
58.61977920 
50.67157340 
42.76004739 
34.89249409 
27.06869958 
19.29162646 
11.571117b4 

z~z.50miii 

13a.56165929 

a2.sa9522~9 
74.585569ao 



nodeissaffected mainly by the  ( 4 , 2 )  harmonic. The node and inc l ina t ion  da ta  

were t reated i n  the  same manner as 1967-9%. 

the M2 frequency were obtained f o r  each element his tory.  

M2 observation equations f o r  GEOS-3 are 

An amplitude and phase a t  

The r e su l t i ng  

Incl inat ion : 
II 

(3.99 f 0;4)~10-~ s i n  [u( t )  + 327' 2 4'1 

3 

Node : 

(2:'73 2 0.7)~lO-~ cos [ o ( t >  + 291' f 13'1 (5 3)  
11 

where a ( t )  = 29 - 2W - 2w* - 2Q*. 6 ( t )  is equal t o  1 cycle/17.2 days. 

The node and inc l ina t ion  h i s t o r i e s  were considered independently. Since 

each of the 100 pairs of inc l ina t ion  and node values was the  result of a 

s ingle  o r b i t  determination, then i t  is possible  f o r  the element p a i r s  t o  

be highly correlated.  Three typica l  cor re la t ion  coef f ic ien ts  from d i f f e r -  

ent data reductions have been obtained from 'the Naval Surface Weapons 

Center (XSWC), Dahlgren, Virginia . 

-0.026 

-0.039 

-0.036 

These cor re la t ion  coef f ic ien ts  are q u i t e  low. Therefore, using the  

inc l ina t ion  and node data as. i f  they were independent is j u s t i f i e d .  Unlike 

1967-92A, the node r a t e  on GEOS-3 is not small. Thus, t h e  frequency of 
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per tu rba t ions  on GEOS-3 of the  many t t d a l  c o n s t i t u e n t s  w i l l  no t  have a 

very long o r  secular trend. 

assoc ia ted  frequency of t h e  major t i d a l  componen.ts. 

included i n  t h e  least squares adjustment f o r  t h e  M2 t i d a l  components. 

unknown component wi th  a 12.4-day period a l s o  had t o  be included i n  the  

Table 9 gives  t h e  expected amplitude and 

All t hese  terms were 

An 

Solution set. 

Table 9.--Perturbations on t h e  i n c l i n a t i o n  and node of 

GEOS-3 satell i te due t o  ocean t i d e s  
~ 

Period Ampli tud.e 
I n c l i n a t i o n  Node Source Component Days 

M2 17.2 0 1'06 

s2 103.9 !'12 

R2 66.23 I 

Hendersho t t* (197 2) 0 Ib3 

!'2 6 Bogdanov 61 Magarik 
(1967) * 

15.23 1'004 Yo1 Die t r ich*  (1944) 01 

482.12 !I41 2'!5 Fe lsen t reger  e t  a l .  

132.45 '!07 '!OS Dietrich* (1944) 

(1976) P1 

K1 

~~ ~ 

* As given by Lambeck e t  a l .  (1974) 

The nns of t h e  f i t  t o  t h e  i n c l i n a t i o n  r e s i d u a l s  w a s  0.02 arc seconds; 

. t h e  rms of t h e  f i t  t o  t h e  node r e s i d u a l s  w a s  0.04 a r c  second. The f i t  of 

the node is not expected t o  be as good as the i n c l i n a t i o n .  

two-day o r b i t a l  reduct ion  t h e  set of a l l  s t a t i o n  longi tudes  must be modi- 

f i e d  f o r  any d i s tu rbance in  t i m e .  

During each 

UT1 cor rec t ions  used . i n  t h o  data reduct ions  

a t  NSWC - Dahlgren were not a v a i l a b l e  f o r  t h i s  study. Figure 10 shows the 
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inclination residuals after removing all perturbations except for the M2 

parameters plotted against'the recovered M2 signal. The presence of the 

M2 perturbations is obvious. Table l0'gives a comparison of the recovered 

Mp amplitude and phase with the predicted values from the available numer- 

ical tide models. Table 11 gives the GEOS-3 mean element &ta used in the 

study. 

5 . 4  Two Satellite Least-Squares Ocean Tide Solution 

The resulting data reductions have made available three M2 observation 

equations for two harmonics - (2,2) and (4,2). Since more observation 

equations are available than there are unknowns, and since uncertainties 

are available for each observation, a weighted least-squares solution for 

the tidal parameters i.s in order. 

Given a linear relationship between a set of measurements Y and a solu- 

tion state x 

Then the minimum-variance solution is the least-squares solution 

- -L -1 T -1 
.x = [ATX A] A C Y ( 5 . 5 )  

The covariance matrices for the measurements C are available from the 

individual data reductions for the amplitude and phase observations at the 

M2 frequency. The actual amplitude and phase solutions were' in terms of 
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ampl i tude  times t h e  sine and cos ine  of phase angle  t o  avoid non- l inea r i t i e s .  

The measurements corresponding t o  equation ( 5 . 4 )  are given i n  equat ions  

(5.11, (5.21, and (5.3). 

As previously ind ica ted  a va lue  of k2 and l a g  6 2  must be assumed i n  order  

to sepa ra t e  t h e  ocean t i d e  parameters. Table 12 gives  t h e  r e s u l t s  obtained 

when va r ious  values of k2 and 62  are used. The s o l u t i o n s  appear t o  be 

reasonable,  e spec ia l ly  when one cons iders  t h a t  no o the r  sa te l l i te  der ived  

Mp t i d a l  parameters have been published t o  da t e .  

These estimates are sys t ema t i ca l ly  smaller than the  r e s u l t s  ob ta ined  from 

numerical s o l u t i o n  of Laplace t i d a l  equations presented i n  t a b l e  4. The 

. q u a l i t y  of t h e  results presented i n  t a b l e  12 can a l s o  be judged by how w e l l  

t h e  p red ic t ion  of t h e  evolu t ion  of t h e  mean luna r  longitude with t h e s e  

estimates matches t h e  observed r e t a r d a t i o n  of t h e  luna r  mean motion. This  

comparison is given in chapter 6 .  

Table 10 .--Amplitude and phase of i n c l i n a t i o n  and node 
pe r tu rba t ions  due t o  t h e  M2 ocean t i d e  on 

GEOS-3 sa te l l i t e  

Source 
Inclination Node 

Amplitude Phase Amplitude Phase 
~ ~~~~~ ~~ ~ ~~~ ~ 

11 11 

Observed 0.040 327' 0.027 291' 

Peker i s  and Accad 0.051 339' 0 .030 352' 
I I  I1 

11 

Hendershott (Model 1) 0.061 317' 0.030 286' 
11 11 

. Hendershott (Xodel 2 )  0.065 276' 0.025 244' 

Bogdanov and Xagarik 0.050 328' 0 .049 290' 
I I  
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Table 11. Mean Keplerian Elements (GEOS-3) 
I 

(DEGREES) 
lDDE 

(DEGREES) 
PERIGEE 

.(DEGREES) 

48.b1929980 

n 
(DECREES ) 

42525.0 
42527.0 
42529.0 
42531.0 
42533.0 
42535 .O 
62157.0 
42541.0 
42543 .0  
4ZS4S.O 
62547.0 
42549 .0  
42SSl . o  
42SS3.0 
42555 .0  
42557 .0  
42559.0 
42561 .O; 
42563 .0  
42565.0 
42567.0 
42569.0 
42571 . O  
42573.0 
42S7S.O 
42577.0 
42381.0 
4 2 5 8 3 . 0  
b Z S 8 S . O  
42587.0 
b Z S 8 9 . O  
42591 .O 
42593 .0  
42591.0 
42S97.0 
42SV9.O 
42601.0 
42603.0 
42601.0 
42607.0 
42b09.0 
42611.0 
42613.0 
4261s . O  
42617.0 
42619.0 
42121.0 
42625.0 
42625 .0  
42627 .0  
b2629.0 
42631 . O  
42633.0 
4213S.0 
42657.0 
42639 .0  
42641 . O  
42643.0 
4264s . O  
4Zb47.0 
42649.0 
42bSl.O 
4 2 6 5 3 . 0  
42bSS.O 
42657.0 
42619.0 
42661 . O  
42613.0 
42665 .O 
42667.0 
42bbP.O 
42671 . O  
42673.0 
4267s . O  
42177 .0  
42179.0 
42681 . O  
42b83.0 
42b8S.O 
42687 .0  
42689.0 
b2691.0 
bZb93.0 
4269s .O 
42b97.O 
42699.0 
42701 . O  
42703 . O  
42705.0 
42707.0 

42S39.0 

7219514.686 0.0004812 
7219576.837 0.0004961 
7219572.559 0.0005015 
1219576.155 0.000508b 
7219572.073 0.0005164 
7219574.238 0.0005218 

7219573.S70 0.0005459 
7219569.254 0.0005521 

7219569.026 O.OOOSb69 
7219571.73S 0.0005757 
7219S70.069 O.OOOS8S7 
7219S69.198 O.OOOS918 
7219571.026 0.0006025 
7219566.985 O.OOOb091 
7219570.8b4 0.000b186 
7219516.453 0.0006269 
7219569.202 0.0006359 
1219567.228 0.0006449 
7219Sbb.574 0.0001518 
7219S68.256 0.000bbZb 
7219Sb4.737 0.000bb97 
7219S68.924 O.OOOb800 
7219Sb4.693 0.0006883 
7219567.73b 0.0006972 
7219S65.131 0.00571S1 
7219Sbb.517 0.0007259 
7219162.952 0.0007330 
7219166.869 0.0007435 
7219562.23S 0.0007'114 
72195bS.454 0.00076OS 
7219Sb2.910 0.0007bV9 
7219565.112 0.0007776 
721'9S64.318 0.0007877 
7219561.383 O.OO079SO 
7Z19Sb5.207 0.0008OSl 
7219560.770 0.0008132 
7219563.903 0.0008226 

72 19572.812 O.OOOS309 
7219S71.43b 0.000S3bL 

7219S73.324 O.OOOSbO9 

114.99295425 
114.99299087 
111.99397125 
115.99463393 
114.99S62204 
114.99572488 

114.99118916 

114.99424180 
114.99391104 
114.99455323 

1 14.99561 991 
ii4.99~5a~1 

11~.99499ia5 

47.603i 1446 
45.67152893 
43.98767899 
42.78774791 
41.132612S7 
39.9217bbSZ 
38.4738S703 
37.17156S80 
36.01641110 
34.56906609 
33.Sb860079 
32.09Sb2306 
31.16074386 
29.89744636 
28.1SOS9745 
27.81741b72 
26.SS940009 
2S.72746318 

3 5 i .  iSoszrz9 
98.71922242 

206.1982S897 
313.51555560 -.. ..__.. 
bl.l2361634 
161.28514995 
27s. 922 41787 

14.99S46126 
lb.99527682 
IS. 9942675 5 
14.99347473 
14.99243843 
14.99241018 
14.99232789 
14.99270061 
14.9929OS26 

24.490t2206 
23.740310b3 
22.S9592000 
21.71228136 
20.7bO38771 
19.73728709 
I9.043842Sl 
17.929C8451 
16.18396103 
15.45389S32 
14.60623S73 
13.72199271 
13.06162287 
12.0300592S 
ll.44164OZb 
10.46170420 
9.831S0441 

306. 66052504 
S3.5944234S 
160.90144077 

14.99266431 
14.99233141 
11.99111435 

267;95642636 
IS. os729127 
122.26723132 
229.12854989 
336.413SS882 
190.49801969 
297.39468011 
44.41364991 
1S1.4bb80914 
258.29730159 
5.50110b23 

267;95642636 
IS. os729127 
122.26723132 
229.12854989 
336.413SS882 
190.49801969 
297.39468011 
44.41364991 
1S1.4bb80914 
258.29730159 
S.SOllOb23 

112.25827146 
219.41243317 
326.21181984 
73.19989189 
180.16154119 
286.912169SS 

14.99029696 
1i.98933636 
14.989SO686 
14.91968300 
14.98984708 
14.98912952 
14.9886S931 
14.98766943 
14.98719724 
14.9866S618 
14.9867724S 
1 4 . ~ 2 5 8 1 ~  
ir.~a7395si 
14.98784634 
14.98740S63 
14.98700401 
14.98b43920 
14.98blSSSb 
14.96650998 
14.9867271S 
14.987S8191 

14.98134S52 
14.91837432 

14.98816581. 
14.9171070S 

ir.987assz8 

14.9a821867 

- . -. - - - - 
112.25827146 
219.41243317 
326.21181984 
73.19989189 
180.16154119 
286.912169SS 

ti 1 9i6i  ; si0 i 1 iiiiji T 
7219Sbl.SOl 0.0008403 
7219SbL.SS9 0.0008S04 
7219SSQ.Z79 0.0008583 

- . . - - . . . . . . 
120.77918178 
217.87388073 
Js4.s99009s0 
101.56681292 

7219562.991 1.000lb85 3.1L711111 

72195bl.490 0.0009:03 197.91 601 62i 
203.367063S8 
L08.81800609 
Zl4.26865890 
219.71923190 
ZZS.16986256 
230.bZO795SO 
236.0718S924 
241.S2302369 
246.97410239 
2SZ.bZSOZ948 

263.32649908 
257.8758433a 

358.41601347 
3S7.78380139 
3S7.02878804 
35b.53459240 
355.702bZb33 
3S5.19230S73 
SSC. CObPO277 
3S3.83292007 
153.19bl4093 

. . . . - -. - 
72 19iS6; 846 0 .0009377 
7219S60.3SS 0.0009471 
7219557.094 0.0009553 
7219117.929 0.0009641 

. . . . -. -. . . 
14.98830480 
14.98873Sb7 
14.98980396 
14.99038357 

34S.ZbS46799 
90.20169770 
196.881OS5b3 
303.900S8197 

S0.59392884 
1S7.Sb847399 

11.1S390553 
118.0488969S 
ZZC.76626156 
331.76445972 

Z ~ ~ . S Z ~ S O ~ ~ S  

7219551.150 0.0010712 114.990Sb390 
114.990S3621 
114.9899SS38 
114.989922b5 
114.98956961 
114.9899S068 
ll4.99025896 
114.99078111 

72i9iss;3ii 0:iiiOwii 
7219SS8.7Sl 0.0009909 
7219S54.174 0.0009990 
7219SS6.299 0.0010088 
7219SS4.930 0.0010173 
7219SS6.44b O.OO1OZbS 
7219SS6.207 0.0010356 
7219SS3.721 0.0010439 
7219SS6.661 0.0010S37 
7219SS2.157 0.0010b17 
72195S6.043 0.0010714 

352.  boio1 3 8 i  
3S1.96192163 
3SI.lS693013 
350. bbO554SO 

114;99133S81 
114.99115755 
114.99087S88 

iii  1 i i i i i o s s  
349.37340121 
348.73838121 

292.120bl960 
38.94899783 

114.98968717 
114.96917904 
114.96893261 
116.98929690 
ll4.98985332 
114.98985824 
114.98993469 
114.96910507 
114.98852222 
114.987S6363 
114.98700641 
llb.9869S5SZ 
1 14.0871 3105 

348.0h106137 
?2wiiz;iii O;Oo10793 
7219SS3.789 0.001003 
1219SS3.204 0.0010912 

. . . - . . . 
327.SllbS009 
346.763S4b88 
34b.30913482 

280.1713191S 
27.06229016 
135.70484370 
240.b1689b48 7219549. I71 0.001 1687' 

7i19Ss 1 1912 0 i 001 1 Tic  
7219547.S39 0.0011869 
72195S1.499 0.0011969 
7219S47.IPO 0.0012047 

3SO.53290898 
3SS.98283404 
1.43276068 
6.882bllb9 
12.33238026 
17.78204173 
23.231 77229 
28.681S0700 
34.1314l758 

i47.jzzza3sS 
94.161S5739 
200.93970288 
307.640739b0 

. . . . . -. - . - 
114.98803872 
11-4.98819341 
Il4.988148S5 
114.91720014 7219S49. 21 b 0.0012 143 S4.51068993 

161. IC644274 72ivi47 ;I22 o;iii2zsi 
7219546.464 0.0012321 
7219348.895 0.0012418 
721954b.721 0.0012493 

114iVibT7234 
114.98120239 
ll4.98b17641 
114.9869Z577 
1 14. 987309ZO 
114.98810342 
114.98819128 
114.98813255 
116.98775320 
Ilb.98705096 
11b.987031b3 
ll4.98704296 
114.98802941 
ll4.988SS830 
114.91895142 

. - . . . - - . . -. . 
268.05~247S9 
14.72975061 
121.542234b8 

rilii48; bi7 0:ii lZS9j 
7219544.lSb 0.0012170 
7219311.349 0.00127b9 

42709 .0  
b2711.0 
42713.0 

7219S4b. 19b 0 ;  001285S 
7219113.679 0.0012941 
7219545.961 0.0015038 41.98310800 

148.77170102 42714.0 7219S41.bOb 0.0011111 
r27ii;i 
b2719.0 
42721.0 

7219i45 ; bb? 0;OOl SZZi 
7219Sb0.818 0.0013291 
7219S43.38b 0.0015397 

83.182688S1 
88.b3332574 
9b.08371801 42723.0 7219S41.471 0.0013b73 
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Table 1 2 . 4 e a n  eide coeff ic leato obtained with 

various values o f  so l id  t ide parameters 

0.30 

.30 

30 

31 

.31 

.31 

0' 

. f' 
1" 

0" 

1" 

3.23 

2.76 

2.32 

3.86 

3.46 . 

3.11 

331' 

325 ' 
318' 

317' 

311' 

303' 

. 87 

.87 

.87 

qa 

. 9a 

. 98 

113' 

113' 

113' 

110' 

lloo 

110' 

60 



6. LUNAR ORBIT EVOLUTION 

Analysis of ancient lunar eclipse and modem transit  data  has revealed 

a secular decay in t he  rate of change of the  mean longitude of the.Moon 

o r  equivalently a secular  increase in the  lunar o r b i t a l  period. Any 

increase in the lunar period is reflected by an increase in the semi-major 

axis, since the  period is equal t o  - . Since the I' 2n E lmEarth +. %o*) 

3 

t o t a l  o r b i t a l  energy is equal t o  *.%rth + %on)/2aM00R, the  increase 

in %on means tha t  the Earth is t ransfer r ing  energy i n t o  the  o r b i t a l  

motion of the Moon. 

ro ta t ion  r a t e  of the Earth as w e l l  as energy loss due t o  the f r i c t i o n  i n  

the oceans and solid deformation. 

This increase is accompanied by a decrease i n  the 

This o r b i t a l  evolution of t h e  Moon has 

been studied by h u l a  (1969) and Lambeck (1975). Kaula invest igated the 

e f f ec t s  of so l id  t i des  and Lambeck examined both so l id  and oceanic e f fec ts .  

The mean motion of any o rb i t  is given by 

a 
(6.11 

where M is Earth mass. Any secular  decay in the  satel l i te ' smean motion 

(or increase i n  o r b i t a l  energy) can be found by d i f f e ren t i a t ing  (6.1). 

with respect t o  time 

The next s tep is t o  subs t i t u t e  the appropriat  so l id  o r  ocean poten t ia l  

i n to  Lagrange planetary equations to  obtain an expression f o r  i. 
chapter 4.0, the  po ten t i a l  f o r  the lunar  so l id  t i d e  a t t r a c t i o n  is 

From 
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(e*) cos(u*-u+e Fllmh (i*) Glh  j. . lmps 

Remembering t h a t  a = z ~ ,  equat ion  (6.3) can b e  d i f f e r e n t i a t e d  and then 

s u b s t i t u t e d  i n t o  (.6.2). It is a t  t h i s  po in t  t h a t  t h e  sa te l l i te  being 

s tudied  is chosen t o  be t h e  Moon. 

d i s turb ing  body (Moon) and t h e  Keplerian elements of t h e  sa te l l i t e  have 

Thus, t h e  Keplerian elements of t h e  

the  same value. That is, t h e  Moon causes a deformation i n  t h e  d i s t r ibu -  

t ion of mass i n  the Earth which i n  turn affects the evolution of the lunar 

o r b i t .  Now t h a t  t h e  o r b i t a l  elements of t h e  sa te l l i t e  and t h e  d i s tu rb ing  

body are t h e  same, t h e  angular argument used i n  t h e  o r  equat ion  is 

lmhj (2h-j-2p+s)M*+(2h-2p)w* + E 

Secular terms w i l l  occur when t h i s . a n g u l a r  argument con ta ins  only the  

constant E 

q must.equa1 j .  da /d t  i s  then given by. 

Thus, f o r  s ecu la r  s o l i d  t i d a l  decay, p must equal h ,  and 2mhj 

llmhj [F (i*) Gehj(e*)I2 (ll-2h+j) s i n  E a ' s o l i d  *llm llmh 

Combining a l l  p o s s i b l e  combhat ions  of lmpqhj, which would y i e l d  secu la r  

da/dt terms, t h e  numerical r ep resen ta t ion  for t he  second degree con t r ibu t ion  . 
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of s o l i d  t i d e s  t o  the o r b i t a l  evolu t ion  of t h e  moon is given as 

. 
=-1040 k2 s i n  262 arc seconds/century2 'solid 

where 62 is t h e  phase l a g  a s soc ia t ed  with t h e  second degree harmonic. 

Similar ly  t h e  ocean t i d e  p o t e n t i a l  

can be used t o  model t h e  s e c u l a r  a c c e l e r a t i o n  of t h e  lunar mean motion 

due t o  ocean t i des .  As wi th  t h e  s o l i d  t i d e ,  t h i s  is accomplished by 

s u b s t i t u t i n g  equation (6.5) i n t o  Lagrange p l ane ta ry  equations and s e t t i n g  

.the s a t e l l i t e  ,elements equal to  the lunar values. The equation of 

i n t e r e s t  is  t h e  da/dt  equation 

Il-m even + 

L-m odd 
E Ilm 

. .  
a. = 2B' 

ocean nampq 

where p is  mean dens i ty  of t h e  Ea r th  

2 
The fourth-degree terms w i l l  experience a r educ t ion  of (1/60) 

t h e  second-degree terms. 

considered. 

be pe r iod ic ) .  

01 ocean t i d e  components of -4.4 a r c  seconds/century2 which w i l l  be used 

compared t o  

Thus, only the  second degree terms need be 

By far t h e  dominant t i d e  is t h e  l u n a r  M2 ( s o l a r  terms w i l l  

due t o  t h e  N p  and moon 
. 

Lambeck o b t a i n s  cont r ibu t ions  t o  N 

6 3  



here. No o the r  ocean t i d e  components a f f e c t  t h e  l u n a r  mean motion i n  a 

secu la r  manner. Values of l una r  elements can be i n s e r t e d  i n t o  (6.'6) with 

llmpq = 2200 f o r  t h e  M2 components t o  g ive  

+ arc seconds 04.21 c;2 cos (€22) 
Nocean M2 century 

The combined s o l i d  and ocean con t r ibu t ions  y i e l d  t h e  observa t ion  

equation 

+ + = E-1040 k2 sin (262) -8.21 C22 Cos(e22) N t o t a l  

arc seconds 1 2 (N2+01) century  
-4.4 

(6 7) 

Muller (1976) has  performed an  ex tens ive  a n a l y s i s  of anc ien t  e c l i p s e s  and 

modem transG data (Morrison and Ward 1976) and ob ta ins  -27.2 c 1.7 arc 

seconds/century f o r  the  luna r  5. 
-26.0 2 2.0 arc seconds/century2 from t r a n s i t s  of Yercary. 

2 
The Morrison and Ward r e s u l t  is 

Lambeck evalu- 

using t h e  mean of t h r e e  numerical t i d e  models a ted  the  lunar  X 

and obtained -35 C 4 arc seconds/century . A t  tha t  t i m e  the  accepted 

va lue  of N was i n  t h e  v i c i n i t y  of -35 t o  -40 a r c  seconds/century . 
Lambeck's result seemed t o  agree  wi th  those  recent  va lues  ; he concluded 

ocean M2 
2 

2 

with the  following: 

"We conclude with confidence t h a t  i f  no t  a l l ,  a t  least a very major 

p a r t  of t h e  secular change i n  the  Yoon's mean longitude, is caused by 

d i s s i p a t i o n  of t i d a l  energy i n  the  oceans, and we do not have t o  invoke 

s i g n i f i c a n t  energy s i n k s  i n  the  Ear th ' s  mantle o r  core." 
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In l i g h t  of t h e  recent eva lua t ions  of lunar N ,  t h e  va lue  of -35 2 4 arc 
2 

seconds/century would Imply that the so l id  phase lag would be following 

r a t h e r  than leading  t h e  Moon. 

Using .30  and 0' as nominal va lues  of k2 and 62,  r e spec t ive ly  and t h e  

ocean t i d e  va lues  ca l cu la t ed  i n  t h i s  study from 1967-92A and GEOS-3 perturba- 

t i ons ,  t h e  value of i is - 2 7 . 4  k 3 arc seconds/century 

i n  very good agreement wi th  Muller, and Morrison and Ward. 

be used a l s o  t o  a rgue  t h a t  t h e  e f f e c t  of the  s o l i d  t i d e  must be small. 

2 a va lue  which is 

This r e s u l t  can 

Since t h e  s a t e l l i t e - d e r i v e d  va lues  of ocean t i d e  parameters depend on what 

so l id - t ide  va lues  are used, t a b l e  1 3  gives t h e  d i f f e r e n t  s o l u t i o n s  when t h e  

k2 and l a g  ang le  are var ied .  for var ious  

combinations of k2 and 62. 

changed by 0.5', t h e  r e s u l t i n g  changes by only 1 arc. second/century2. 

J. T. Kuo of .Lament-Doherty Geological Observatory ( 1 9 7 7 )  analyzed d a t a  

from a network of t i d a l  gravimeters placed along a parallel  of l a t i t u d e  

Notice t h e  cons is tency  of Ntotal 

It i s  seen t h a t  even i f  t h e  l a g  angle  i s  

across  t h e  United States and determined t h a t  t h e  phase l a g  must be  less 

than 1.0 --another r e s u l t  which is i n  harmony with t h e  above quoted values. 0 

. Table 13.--lunar fi  r e s u l t s  wi th  va r ious  va lues  of k2 and l a g  

0 . 3 0  0' ' .  3 . 2  328' 0 -27 .4 .  -27 .4  

' . 3 0  4' .2 .8  325 -5 .4  -22 .9  -28 .4  

' . 3 1  0' 3 . 9  317 0 -27 .3  -27 .3  

. 3 1  4" 3 . 5  311 -5 .6  -22.7 -28 .3  
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The explanation f o r  the l a rge r  influence of the ocean t i d e  compared t o  

the  so l id  t i d e  on the  evolution of t he  mean longitude of t he  Ikon can be 

obtained by examining the phase angles of the  so l id  and ocean contribu- 

t ions.  As discussed earlier, t he  s o l i d  bulge of the Earth, due t o  the 

a t t rac t ion ,  o f - t h e  Moon, will lead the  Moon .by approximately 1.0' o r  less. 

+ 0 The e f f ec t ive ' l ead  due to  the  oceans is found by subtract ing €22 from 90 , 
given i n  equation (6.8) is expressed i n  terms of 2 s i n e  so t ha t  t he  

functions. 

(Darwinian assumption discussed i n  chapter 4) the  lead due to  oceans is 

t o t a l  

Since the angular argument is proportional t o  frequency 

Also, the  degree and order harmonic (2,2) physically represents an 

equator ia l  e l l i p t i c i t y  o r  the  equivalent ocean t i d e  bulge. Thus, even 

though the d i r e c t  a t t r a c t i o n  of the  ocean t i d e  is much smaller than the 

so l id  t i de ,  the resu l t ing  torque of t h e  oceans generated'by the  la rge  

55 

the mean motion of the  Moon. 

0 lead ac tua l ly  dominates ' the behavior of t h e  small secular  decay i n  
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APPENDIX 1.-SOLID TIDE POTENTIAL IN TERMS OF DISTURBING 

BODY'S ECLIPTIC EL-S 

Transforming from t h e  e q u a t o r i a l  coord ina te  system t o  the  e c l i p t i c  can 

be accomplished i n  two ways. 

converting the three coordinate dependent variables node, perigee, and 

i n c l i n a t i o n  of t h e  body i n t o  e c l i p t i c  elements. The second technique, 

The f i r s t  would b e  t h e  obvious technique of 

and t h e  one t h a t  is used here ,  is t o  r o t a t e '  t h e  su r face  hannonic terms 

due t o  t h e  d i s t u r b i n g  body from t h e  e q u a t o r i a l  t o  t h e  e c l i p t i c  system. 

This method is  not  only d i r e c t ,  b u t  a l s o  y i e l d s  t h e  p o t e n t i a l  i n  a form 

t h a t  allows easy a n a l y s i s  of t h e  fundamental frequencies.  Returning t o  

h u l a  (1962), one f i n d s  t h a t  

where s t a r r e d  q u a n t i t i e s  refer t o  t h e  d i s t u r b i n g  body , uns tar red  

q u a n t i t i e s  refer t o  t h e  satel l i te ,  and S 

t o  c e n t e r  of t h e  Ear th  t o . t h e  satell i te,  

is t h e  ang le  from d i s t u r b i n g  body 

can be  expressed as 

n n+l 
(n-m) ! P ( s i n  6 )  AU = $ ($(3 k [P ( s i n  6)  Pn(s in  6 * ) + 2 c  (n+m)! nm 

n 

m = l  n n n  

P ( s i n  s*) (cos ma cos ma* + s i n  ma sin ma*)] nm 

where PNp is t he  a s soc ia t ed  Legendre func t ion ,  6 and 6* a r e  d e c l i n a t i o n  

of s a t e l l i t e  and body, r e spec t ive ly ;  and a and a* are r i g h t  ascension of 

s a t e l l i t e  and body, r e spec t ive ly .  

Since both ( a , 6 )  and (a* ,&* )  are i n  an Earth-equatorial  system, i t  is 

necessary only t o  transform t h e  s t a r r e d  terms t o . t h e  e c l i p t i c .  This 

is  a r a t h e r  simple transformation, s i n c e  both t h e  e c l i p t i c  and e q u a t o r i a l  
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systems have the x-axis i n  common. Let E be the  angle of ro t a t ion  about . 

the x-axis from the equatoria1,plane t o  the e c l i p t i c  system Cobliquity of 

the ec l ip t i c ) .  Then any vector  

e c l i p t i c  system can be expressed i n  the  equator ia l  system by the matrix 

re la t ion  

whose components a r e  known i n  the  ec 

P P A P  
e ec 

where 

A =  [: 
0 

0 

cos E -sin e 

sin E cos E 

be a surface harmonic of degree n and order m. Alternatively (1.2) can be 

wri t ten a s  

where R and I stand fo r  real and imaginary components, respectively.  (1.1) 

can now be rewrit ten a s  

n n+l a a  
= 9 (AH 'kn [ 2 Km p ( a , 6 )  YR(a*,6*) + Y1(a,5) U1(a*,6")j] .(I941 

m 4  **n 

Courant and Hi lber t  (1953) have provided the necessary formulas f o r  

expressing any surface harmonic i n  a desired coordinate system as the  

l i nea r  combination of surface harmonics i n  another system 
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where p ,  u, 'I depend on the  ro ta t ion .  

hand, the  proper set of arguments are p=O, u-a/2, T=E/~. (1.5) can now 

For the  p a r t i c u l a r  r o t a t i o n  a t  

be rewr i t ten  so t ha t  any l i n e a r  f a c t o r  on the  r i g h t  is e q r e s s e d  as a 

product of a scale f ac to r  and ro t a t ion  f ac to r  

The-JlnRr values are r a the r  easy t o  compute using equation (1.5). As 

one might expect, t he  l a r g e s t  contr ibut ion '  occurs when r = 2.  For example, 

the important Y22($,X) term would be given as 

+. 3 3 ~ 1 0 - ~  e x p ( 3 d 2 )  P p l  ( s in@')  exp(-iX') 

-.47 p20 (sin$ ' 1 

.-.76 e x p ( d 2 )  ~ Z l ( s i n 4 ' )  exp(iX') 

+.92 . P22Csin4')  exp(2iA') 
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where advantage has been taken of the relation 

Substituting (1.6) into (1.1) and carryingon in the same fashion as 

Kaula did yields results similar to his, 

P = (n-2p)w+(n-2p+q)M+mn-(n-2h+j)M*-(n-2h)w*-l kl Q*+sgn(k) (k-m)r/2 . 

and now the starred variables refer to the ecliptic elements of the 

disturbing body. 
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